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CHAPTEE L 

Section I.^ — Spheres mtting orthogonally. 
Aet. 1. If #^+/+^^+2^^4-2/f +2i^;^4-{)==0, 

be the equations of two spheres, these spheres will intersect orthogonally if the square 
of the distance between their centres be equal to the sum of the squares of their radii. 
Hence we infer that the two spheres whose equations are given above will intersect 
orthogonally if the condition holds, 

2. From art. 1 we can easily find the equation of a sphere cutting orthogonally four 
given spheres, S', S'', S^'', S'^". Thus, if the given spheres be 

^^+3^'+^'+2/^+2/3^+2^'0+c^=O &a, 
the equation of the orthogonal sphere is 
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Cor. If a sphere S cuts four spheres, S^, S^ S^'^, S^^^^, orthogonally, it also cuts ortho- 
gonally xS^+zu^S^^+i'S^^'+fS^^^^ when X, f^, v, § are any multiples. 

3. The following method finds the equation of the orthogonal sphere in tetrahedral 
coordinates. Let S', S^^ S^^^, S'^^' be the given spheres, then XS^+i^S^+i^S^^^+g^S^^^^ is coor- 
thogonal with. S^ S'^, &c. ; and if the radius of xS^+^.S^ + i^S^^+fS'^" he evanescent, its 
centre must be a point on the required orthogonal sphere; but if its radius be zero, it 
represents an imaginary cone and the discriminant vanishes. It is easy to see that 
A, ih^ v^ § are the tetrahedral coordinates of the centre of XS^+^S"+^S"'+§S^^^^ the tetra- 
hedron of reference having its angular points at the centres of S^, S^', &c. 

Now let the spheres S', S'^, &c. be given in the form 

(^rj^^aj+{y-'lj+{z'^cj'-f=^ &c., 
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and then the required discriminant will be, after diyiding by the factor (X+f^+i'+f)^*? 

and this is readily found to be equivalent to the following equation, in which (S^ S^^) &c, 
denotes the angle of intersection of the spheres S^, S^^, &c. : — 

-~2x^fV^ coB(S'S')'-'2Kpr¥" cos (&S'')'^2K^r¥" cos (S'S^^^^ r* • • (3) 

-2[jLprV cos (&'&')'--2pgr"'r'' cos (&'^S'")^2^(ir'V cos (S^^^^S^Q^O. 

See my paper " On the Equations of Circles &C.5" in the Proceedings of the Eoyal Irish 
Academy, vol. ix. pt. iv. p. 410. 

This equation is simplified by incorporating the radii r\ r ^5 &c. with the variables 
X, [Jfj^p^g; thus put "kr'^w, [/^r^'=^, &c.^ and we get the equation of the sphere orthogonal 
to four given spheres in the form 

a;^j^f+z'+w'-2wy cos (m')'^2wz cos (&S'^)'--2ww cos (S^S^^^') 1 

'^2yzco8(&^S'')^2zw co8(S'^S'^')-~2wy cos(^^^^^^^ J 

Cor. 1. Hence, if the four given spheres be mutually orthogonal, the equation of their 
orthogonal sphere in tetrahedral coordinates is 

{X7^f+([MrJ+(pr"y+(gr'J=0 ox ^ .... (5) 

Cor, 2. The sphere orthogonal to four given spheres is inscribed in each of the eight 

quadrics, 

U^=(X/+ia;f'^4:i'f^"+f/^^)^ .,*.,..• (6) 

where U denotes the orthogonal sphere f. 

* [The vanisMng of the factor (X + /x + v + f )^ is the condition that the sphere AS + ^S' + v&' + §B^^' may become 
a plane. Hence X + /i + v + f=0 may be regarded as the tangential equation of the centre of the sphere which 
cuts orthogonally the four spheres S, S^, S'^, B'^L — January 1872.] 

t [Professor Cayley remarks as follows on this article i — '' You give in passing what appears to me an inter- 
esting theorem, when you say ^ it is easy to see that A, fi, v^ ^ ^^^ ^^® tetrahedral coordinates of the centre of the 
sphere AS4-/iS' + yS'' + fS^"=0.' Take any four quadric surfaces S=0, 8^=0, S^^=:0, S^^'=0; and establish the 
relation AS+juS^ + yS'^ + £S^"= a cone. This establishes between A, n, r, § and .v, y, z, tv four lineo-linear equa- 
tions^ so that, eliminating either set of variables, wo have between the other set a quartic equation ; moreover, 
the variables of each set are proportional to cubic functions of the other set (see my ^' Memoir on Quartic Sur- 
faces," vol. iii. pp. 19-69 of the Proceedings of the London Mathematical Society). Then your theorem is, that 
when the four quadrics have a common conic, the x, y,z,iu and A, fc, f, ^ are linear functions each of the other, 
so that the two quartic surfaces are homographically related, or, by a proper interpretation of the coordinates, 
may be regarded as being one and the same surface.'' My theorem, that A, /x, y, ^ are the tetrahedral coordi- 
nates of the centre of the sphere AS 4-jxS' + j^S" + |)S'"=0, is easily proved as follows : the centre of the sphere 
AS+|u-S' + yS"4-fS'" is evidently the mean centre of the centres of S, S', S", S"' for the system of multiples 
A, P') V, p ; in other words, it is the centre of gravity of four masses proportional to A, /a, v, ^ placed at those 
points. Hence the proposition follows at once by a well-known theorem in Statics. — January 1872.] 
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4. If W=(<25 5, (?, d, Z, m, ^, _p, g', r^oj, jS, y, S)'^=0, where gj=0, j3=0, y=0, ^=0 are 
the equations of four given spheres, which I shall by analogy to known systems call the 
spheres of reference^ then W^iO is evidently the most general equation of a surface of 
the fourth degree, having the imaginary circle at infinity as a double line. Such a surface 
has been called by Moutaed an '' anallagmatic surface/' and by Darboux a " cyclide" 
(see ' Comptes Rendus,' June 7, 1869). I shall adopt the latter name. 

5. The cyclide W=0 is by the usual theory the envelope of the sphere 

^oj + j/j3 4-^y + wS~ 0, 
where ^, y^ z, w are variable multiples, provided the condition holds: 
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HOW the sphere xot-Yy^'\'Zy-\-wh=^ cuts orthogonally the Jacobian of cc, j3, y, §, and 
the equation (7) is the equation of a quadric. Hence we have the following theorem : — 
A quartic cyclide is the enveloj)e of a variable sphere whose centre moves on a given 
quadric^ and which cuts a given fixed s^phere orthogonally, 

6. If the equation of the cyclide be of the form 

(a,b,c,f,g,hXcc,(3,yf=0, ........ (8) 

it is shown, as in the last article, that it is the envelope of a variable sphere whose centre 
moves along a plane conic and which cuts a given fixed sphere orthogonally. Now from 
the form of equation (8) it is evident that this species of cyclide has two nodes, namely, 
the two points common to the three spheres of reference os, /3, y, and that these nodes 
are conic nodes, that is, nodes which have these points as vertices of tangent cones to 
the cyclide. I shall call this species of cyclide a hinodal cyclide"^. 

Section II. — Generalization of methods of Section I. 

7. The results of Section I. admit of important generalization, to the exposition of 
which I shall devote a few articles. 

Let S^— A=0, S^— B=0 be two quadrics inscribed in the same quadric, 
S=a^'^+2/^+^^+ '^^t" -^ ^^d B being the planes aw + a!y + a"z + d'^w = and 
bw+b^y+i^^Z'i-b^'^w=0 respectively; we see that S^— A+^(S^— B) is the equation of 
a quadric inscribed in S, and passing through one of the conies of intersection of S-— A^ 
and S— B^, namely, through the common intersection of these two quadrics with the 
plane A— B=0. But if we clear (S*— A)+^(S'— B)=rO from radicals, the discriminant 

* [The cyclide (8) must, from the form of the equation, have two nodes ; but in certain special cases which 
will be discussed in the sequel, it will hare one or two additional, nodes. — January 1872.] 
MDCCCLXXI. 4 M 
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of the result equated to zero gives, as is easily seen, 

where S^, S^' are the results of substituting the coordinates of the poles of the planes 

A and B in S, and E the result of substituting the coordinates of the pole of A in B. 

We should arriye at the same result if we had taken the equations of the two quadrics 

under the form S^+A and S^+B. But if we had worked with S*+A and S^+B, we 

should get 

(l-S")F+2(l+E)/&+(l-S') (10) 

8. As the equations (9) and (10) are of the second degree in k^ we see that, through 
each conic of intersection of S— A^ and S— B^ there pass two cones circumscribed to S, 
The equations of these cones are obtained by eliminating k between S^— A-|-/t(S^— B), 
and the two equations (9) and (10). They are : 

(1_SO(S^-A)^-2(1-E)(S*-A)(S^-B)+(1-SO(S^-B)^ . . (11) 

(l_S'0(S'-A)^-2(l + Ii)(S^"-A)(S^+B)+(l-SO(S^+B)l , . (12) 

These cones correspond to the limiting points of two spheres, as these latter are evidently 
imaginary cones passing through the circle of intersection of the two spheres and cir- 
cumscribed to the imaginary circle at infinity. 

9. If we put 

1^E=V^(1--S')(1--S^9 cos a, 

l + Ezz:y(l~S')(l~S'') COS (P, 

the ratio of the roots of equation (9) is e^^'^^\ and of equation (10) e^'^'^^. Now if 
5=2 *^^ ^^t^^ ^f t^^ roots is negative unity, and we have an harmonic pencil of four 

planes, namely the planes A, B, and the planes passing through the intersection of the 
planes A, B, and which are also planes of contact of the cones of article (8) with the 
quadric (S) ; in other words, the poles of A and B and the vertices of the cones form an 
harmonic range of points. When two quadrics, then, are connected by the relation 



1±E=0, 



(13) 



I shall, by an extension of a known term, say that they cut orthogonally or harmomcally. 
10. It is easy to see that, being given by its general equation, a quadric S, and two 
planes X^+i^JZ+^-^+^w? '^X'\-iJiJy'\-v^z-\-^w\ the result of substituting the coordinates of 
the pole with respect to the quadric of one of the planes in the equation of the other, 
multiplied by the discriminant of the quadric, is equal to the determinant: 
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and denoting this by IT, we infer from equation (13) that the condition that shonld cut 
orthogonally two quadrics, S—(KW'{-iJtj^-i'PZ-i-^wy. S--(7sJw-^[jj^+p^z-^§^w)\hoth inscribed 
in the same quadric S given by its general equation, is the invariant relation 



A+n^z^o. 



(14) 



11, To find the equation of a quadric cutting four given quadrics orthogonally. Let 

S^i-^? JS^ft^? S^iC, S^±D 
be the four given quadrics. It follows from equation (1 3) that we must have 

X, (Jtj^ p^ f being the coordinates of the pole of the plane of contact of the sought quadric 
W'ith respect to S, and that this quadric will be then S^— (x^+i"'J/+^^+f^)=0- 
Hence, eliminating x, //», v, § from these five equations, we get 
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where the double signs of the first column answer to those of the binomial, 8^"+ A. 
Hence if we denote for shortness by the notation (S* a V d^ d!^^) the determinant (16), in 
the case where all the units in the first column are positive, we shall have eight ortho- 
gonal quadrics, whose equations are as follows: — 
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(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
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Thus, for example, equation (20) developed is 
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12. Denoting by Jj . . . Jg the eight orthogonal quadrics (17) . . , (24), and remembering 
that x, [jj^ v^ g are the coordinates of the pole of the plane of contact of one of these 
surfaces with S, since these coordinates satisfy the first four equations of art. 11, we 
see easily that they belong to the point common to the system of six planes represented 
by the system of six equations, 

in which the arrangement of the signs correspond to the quadric which we consider. 
We have then the following; theorem : — 

The poles of contact of the eight orthogonal quadrics J^ . , . J^, are the eight radical 
centres of the four quadrics, S— A^, S— B^ S — C^ S-— D^ 

13. The polar of the point x, (Jb^ v. g, with respect to S— A^ is 

'k{x — Aa) +i^{y— Aa!) + v{zAd') + g{w — A^"') , 
and this reduces, in virtue of the first equation of art. 11, to 

x^+ f>oy + i^;s + g'zo = If A ; 
and eliminating X, |00, v, g from this and the four equations of the same article, we get 
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(25) 



where the choice of signs depends on the quadric J. This is evidently the plane of con- 
tact of one of the conies of intersection of J and S— - A^ We have then the following 
construction for the eight orthogonal quadrics : — - 

Let us imagine tangent cones whose vertices are the eight radical centres^ and the re- 
quired quadrics pass through the conies of contact, 

14. The equations of Jj, Js, &c. take a very simple form when referred to the tetra- 
hedron which has for vertices the poles of the planes A, B, C, D with respect to S in 
tetrahedral coordinates. 

Let x\ y\ i-, d be the new coordinates of the point {x^y^ z^ w)^ the poles being a^ a', d\ 
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a^'^5 5, V^ V\ W\ &C.5 and we have then the following substitutions to naake" 

x=ax^ +hy^ -^-cJ +dw' , 
yzzzdx^ +Vp' +c^z' +d^w^ , 

w = a' V + 5"y + c?'' V + d'W ; 
and hence, by the equation of art. 11, 

Consequently the transformed equation of J (corresponding to the choice of the double 
signs) is simply 

Hence 

(±w^±y'±z^±wy=(aw^+hy^+cz^+dtvy+^^^ 

+{a'w^ + by+c'z^+dhDj+(a"'a;'+by 

This can be written in a more convenient manner by the following substitution, and by 
suppressing accents as being no longer necessary. 
Let us denote the result of substituting the coordinates of the pole of 

B in C by L and of A in D by P, 

C 55 A 55 M 55 B 55 D 55 Q, 

XJL 55 JL# 55 Xi 55 v_y 55 _L/ 55 JLV* 

and we shall have the equation of J, in the following form: 

J.=(1-S>^+(1-S")/+(1-S"'K+(1-S">^ 
+2(l-L)j/2+2(l-M>^+2(l-N>y }..,.. (26) 

+ 2(1-P)a:w+2(1-Q)^w+2(1-E>w=0. 

15. The equation J, is the locus of all the double points of the quadric 
In fact this is equivalent to the equation 

the discriminant of which is easily found to be 

(7^-^lM-{-P'-\-gy=(7^a^-^lMb-^pc-i-^dy-\'(%a'+^^^ 

and X5 |t^5 p^ § being replaced by w^ y, z^ w, we have the equation of Jj. — >Q.E.D. 

It is instructive to compare the modes of investigation employed in this article and 
article 3 of the last section. 
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16. The equation (26) of Ji can be written in a more suitable form by means of the 
anharmonic angles of art. 9 ; for this purpose let us denote 

^(l_'^)fl-S»)t>yeosL; 7||^=rF) by - cos L', &c. 

Let us denote also & by cos^ §\ S" by cos^g-'^, &c. It is evident that the angles L, 11^ §\ 
fy &c. may be either real or imaginary; when the substitutes are made, we get 

Ji =^^ sin^ g' + ?/^ sin^ §^^ + z^ sin^ g^'^-\- w^ sin^ §^^' >. 

+ 2t/z sin §^' sin f cos 'L-{'2zx mi^^^ sin ^ cos M + 2wy sin / sin ^^ cos N L (27) 

-\-2xw sin ^' sin g^^'^' cos P+ 2yw sin ^ '^ sin ^^^ cos Q + 22;'Z(? sin ^^^ sin /''' cos E= 0. J 

Compare equation (3), art. 3. 

Cor, If the four quadrics S^-— A, S^— B, &c. be mutually orthogonal, the equation of 
their orthogonal quadric will be Ji^^^sin^^^+^^sin^^^'+^^ miL^ f^ -{-vf mj? f^\ or of the 
form x^'\-y^-\-z'^'\-w'^=^^^ and there will be only one orthogonal quadric instead of eight. 

Observation. This section is abridged from a Memoir by me in ToETOLim's ' Annali di 
Matematica,' serie ii. tomo ii. fasc. 4. 



CHAPTER II. 

Section I. — Generation of Cy elides. 

17. We have seen that a cy elide is the envelope of a variable sphere whose centre 
moves along a given quadric, and which cuts a given sphere orthogonally (see art. 5). 
I shall call the variable sphere the generating sphere (a name which I find more con- 
venient than enveloped sphere or enveloppee), and the quadric which is the locus of the 
centres of the generating sphere I shall call the focal quadric^ a term expressive of an 
important property which it possesses. In De la Gouristeeie's Memoir " Sur les lignes 
Spheriques," he, uses the name deferente in an analogous case (see Liouville's Journal, 
1869). The sphere which is cut orthogonally we shall call the sphere of inversion, and 
it will be always denoted by the letter U, unless the contrary be stated, and the focal 
quadric by the letter F. 

18. If we draw any tangent plane to F this will intersect F in two lines, the gene- 
rating lines of F at the point of contact. Now let us conceive three spheres whose 
centres are at the intersections of these lines and at a consecutive point on each line 
respectively ; then if they cut U orthogonally, the two points common to the three will 
evidently be their points of contact with their envelope. Now it is evident that these 
points are the limiting points of the system composed of U, and the tangent plane to F. 
Hence we have the following method of generating cyclides : — 

Being given a quadric F and a sphere U, draw any tangent plane P to F, the locus of 
the limiting points of U and P will he a cy elide. 
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19. Let the two lines in which the tangent plane P of the last article cuts F be denoted 
by L, L' ; now all the generating spheres whose centres are on L have a common circle 
of intersection ; if this circle be called 0, and the corresponding circle for L' be called C, 
then these circles are evidently homospheric, and the two points common to them are 
plainly points on the cyclide. I say moreover that the circles C, G lie altogether on 
the cyclide. For through L draw another tangent plane to F intersecting F in another 
line U' ; then corresponding to this line we have another circle, 0\ which is also homo- 
spheric with C, and their points of intersection are points on the cyclide ; hence the circle 
C lies altogether in the cyclide, and so do the circles C, C\ &c. Hence we infer the 
following method of generating cyclides analogous to the rectilinear generation of 
quadrics: — 

£eing given three circles^ C, 0, G\ cutting U orthogonally^ the intersection of their 
planes heing the centre of JJythen the envelope of a variable circle whose motion is directed 
hy cutting each of these circles twice is a cyclide. 

Cor. 1. Every generating sphere of a cyclide intersects it in the two generating circles 
passing through its points of contact with the cyclide. 

Cor, 2. The generating spheres touch but do not intersect the cyclide if their focal 
quadric be not a ruled surface. 

20. If the sphere U reduce to a point, which will happen when the four spheres of 
reference cs, /3, y, I (see art. 4) pass through a common point, the method of generating 
cyclides given in art. 18 becomes simplified as follows: — 

Being given a quadric F and a point U, then the locus of the reflection of U made hy 
any tangent plane to F loill he a cyclide. This is plainly equivalent to the following: — - 
The pedal of a quadric is a cyclide ; or again, the inverse of a quadric with respect to 
any arbitrary foint is a cyclide. 

Or we may state the whole matter thus: — Being given a quadric F and a point U, 
from U draw a perpendicular UT on any tangent plane to F, and on UT take P, P' in 
opposite directions such that UT^— TP^=:UT^— -TP'^riz/^^ where ^ is a constant, then 
the locus of P, P' is a cvclide. 

There are three cases to be considered. 

I"*. If k'^ be positive the sphere U is real. 

2^ If Jc^ be negative the sphere U is imaginary ; this will happen when the radical 
centre of the spheres of reference, c«, |3, y, S, is internal to these spheres. 

?>", If ¥ vanish, U reduces to a point. The cyclide is in this case the inverse of a 
quadric. 

The point U is a nodal point on the cyclide. The tangent planes to the cyclide at 
the node U form a cone, which is reciprocal to the cone whose vertex is at U and which 
circumscribes F. Hence the point U will be a conic node when F is either an ellipsoid 
or hyperboloid. We shall examine more minutely th^ species of the node in this case 
when we come to the Chapter on the Inversion of Cyclides, 

21. If the focal quadric F be a cone the cyclide becomes modified in a remarkable way. 



594 DE. J. CASEY ON CTCLIDES AND SPHEEO-QUAETICS. 

which it is necessary to examinej as this species of cy elide will occupy much of our space 
in the present memoir. 

Since all the tangent planes of a cone pass through the same pointy and since every 
tangent plane determines two points on the cyclide, it is plain that all the points lie on 
the surface of a sphere whose centre is at the vertex of the cone. 

AgaiUj since the cone is a ruled surface, each edge of it will determine, as in art. 19, 
a circle which will be a generating circle of the cyclide; but the circle will not in this 
case lie altogether in the envelope as in art. 19, because in art. 19 the points of contact 
of any line on the quadric are distinct for all the planes passing through it, whereas in 
the cone only one tangent plane, properly so called, can be drawn through any edge of it. 
But although the circles which answer to each edge of the cone do not lie altogether in 
the cyclide, yet the envelope of these circles is the cyclide, which in this case is evidently 
a twisted curve, which, as will be shown, is of the fourth degree. On this account I have 
called this species of cyclide, for the sake of distinction, a sphero-quartic. 

22. Since the planes of the generating circles in the last article are perpendicular to 
the edges of the focal cone, the envelope of these planes is another cone ; and as each 
plane passes through the centre of the sphere U, the vertex of the second cone is at the 
centre of U. Hence the sphero-quartic is the intersection of a sphere and a cone. 
Hence we have the following theorem : — When a ey elide rechwes to a s^hero-'gitarUc^ it 
is the intersection of a sphere and a quadric, 

23. If we denote the sphere on which we have proved the sphero-quartic lies by O, 
then the generating circles are circles on Q ; and as Q evidently cuts U orthogonally, the 
circle of intersection of U and Q, which we denote by J, will be orthogonal to all the 
generating circles, and the focal cone pierces Q in a sphero-conic. Hence we have the 
following method of generating sphero-quartics : — 

Being given a circle J on a sphere^ and a sphero-conic on the same sphere. A sjphero- 
gimrtic is the envelope of a variable circle whose centre moves along the sphero-conic^ and 
which cuts the circle J orthogonally. 

24. From the last article we infer this other method of generating sphero-quartics. 

Let F be a sphero-conic on a sphere Q, U a point on the surface of Q ; from U draw 

an arc UT perpendicular to any great circle tangential to F, and take two points, P^ P^, 
such that 

cos UT : cos TP=:cos UT : cos TF=:I% 

where ^ is a constant. 

The locus of the points P, F is a sphero-quartic. 

Cor. If i:=l the point P coincides with U, and the point will in this case be a double 
point in the sphero-quartic, and the sphero-quartic itself will be the inverse of a plane 
conic from a point outside the plane of the conic. In fact if the sphere Q be inverted 
into a plane from the point U, it is easy to see that the point F will be inverted into a 
point whose locus is a conic. 
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Section II. — Generation of Quartic Surfaces having a Conic Nodal Line. 
Lemma. If S^^x'^-\-'if-\-z^-\-vf=.0, A^^ax-\-hy-\-cz-\-dw=^., then the result of the 

7 7 7 7 

operation X^+f^-^ — l"^T^+?^ performed on the quadric S^— A is 



(aX + ^i^ + <^^ + ^f )S^ — " (X*^ + />^J/ + ^^ + f w). 



which is evidently connected with S^'— -A by the invariant relation (13) of art 9. Hence 
we have the following theorem : — 

n. n. Qj fjj 

The result of the ojperation ^ ^+i^ -iz+^-jz'\'^t' P^'^formed on a quadric of the form 

S' i A is a quadric orthogonal to 8^+ A. 

26. Being given quadric J inscribed in another S and a point (a, jS, y, S), we can find, 
by the method of the preceding lemma, a quadric Q orthogonal to J, whose pole of contact 
with S is the point (a, jS, y, S). When (os, j3, y, I) varies, Q varies also ; and I say if the 
locus of (a, jS, y, I) is a quadric F, that the envelope of Q is a quartic surface having a 
conic nodal line. 

Demonstration. LetQi=S^— A, 02=8^—6, Qa^S^— C, Q4=S^— D be four particular 
quadrics of the system cutting J orthogonally. Let us consider the quadric Q as having 
its pole of contact with S at the centre of mean distances of the poles of contact of 
Qi, Q2, Q3, Q4 for any suitable system of multiples x^ y^ z^ w, and as we are only con- 
cerned with their mutual ratios, we can put ^+2/+^+'^=l» Hence we get the follow- 
ing system of equations : — 

azzzax -^-hy +cz +6?w, 



/3= 



dx •\'Vy +c'z +d'w, 
a!^x+Wy +d^z+d!^w, 
d''x-\'W'y\dH^d:^^w\ 



and from these we have Q,=(X^x\-Qt^y^QL^z-\-^S^\ and since the locus of (^, /3, y, I) is 

the quadric F, we see by substitution of the preceding values of 05, ^, y, I in its equation, 

that ^, y, z., w are connected by an equation of the second degree. If we denote this 

equation by 

{a, h, c, d, I, m, ^,^, q, r\x, y, z, w)'z=0, 

we have to find the envelope of Q^^x-^Q^^y ■\-Q.^z\-Q,s^\^ subject to this condition. The 
theory of envelopes gives 



a , 


n , 


m, 


P > 


Q., 


n , 


h , 


I , 


2 . 


Q., 


m , 


I , 


c , 


r , 


^3? 


P ' 


i ' 


r , 


d , 


^4? 
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Q., 


Qs, 


Q., 


0, 



0. 
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Hence the required envelope is 



a , 


n 




m , p 


3 


S^-A, 


n , 


h 




I , q 




, S* B, 


m , 


I 




c , r 




s*-c, 


P 


1 




r , d 


3 


S^-D, 


Si A, 


S*- 


-T^, 


Si-C. Si- 


-D. 


0, 



=0, 



(28) 



The expansion of this determinant gives evidently a result of the form Ua+UiS^^iiO, 
where Ug represents a function of the second degree, and Uj a function of the first degree 
in the variables ; and clearing off radicals we get Ug— -UfS^zrO ; and this is the equation of 
a surface of the fourth degree, having the conic of intersection of U2 and Uj as a double 
line. Hence the proposition is proved. 

26. The quantities ^, ^Z? z^ w of the last article are evidently proportional to the tetra- 
hedral coordinates of the point a, /3, y, ^, referred to the tetrahedron whose vertices are 
the poles of the planes A, B, C, D of the quadrics S—A^, S— B^ S—C^, S— D^ so that 
the equation of condition in ^, o/^ z, w is only the equation of the surface F referred to 
this tetrahedron. Hence the method of generation of surfaces of the fourth degree 
having a conic for a nodal line is exactly the same as the method of generating cyclides 
given in art. 5 ; and in fact the two surfaces are identical, since the cyclide has the 
imaginary circle at infinity for a nodal line, so that by linear transformation we could 
get one surface from the other ; and to every property of a cyclide there is a corresponding 
property of the more general surface here considered : but I thought that it would be 
useful to show that their equations, the equations of the surface cutting them ortho- 
gonally &c., are identical in form ; so that for every theorem which I shall prove to hold 
for a cyclide the reader may if he chooses put in the more general surface here con- 
sidered*. 



* [Professor Cayley has remarked to me that, instead of the method of Chapter IT., the immediate general- 
ization wonld be to consider, instead of spheres, quadric surfaces of the form S + LM, S+L]^, &c., and that it is 
a further generalization, or rather an extension, of S— A^, S— B^, &c. Professor Cayley remarks that it is a pity 
to omit the intermediate step. Before Professor Cayley had drawn my attention to it, the intermediate step had 
not occurred to me; however, any person who reads Chapter II, will find it easy to supply, by the assistance of 
the two following propositions, the omissions referred to : — 

I. S -{- LM= 0, S -f L]Sr= are two quadrics ; it is required to find the condition that the pole of L with respect 
to S + LM will be the pole of M-F with respect to S+LF. Let 

S + LF EEE^2 + 3/H2JHw2+2(%+c':^+c^'w>; 

and let A, ju, v, 2 be the coordinates of the pole of the plane 00 with respect to the quadric S + LM=0 ; then we 
get the four equations: 

A+6ju + cj' + c?^=l, A6+/x=0, 

Ac+y =0, A<i+^ = 0. 
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CHAPTEE III. 



Section I. — Different forms of the Equations of Cy elides, 

27. Let T be a tangent plane to the focal qiiadric F ; P, P' the corresponding points 
of the cy elide ; then (art. 18) P, P^ are the limiting points of the sphere U and the plane T, 



Hence 



X= 



^5 



y=. 






S'- 



we get 



Hence forming the condition that the polar plane of the point (X, fji,, y, j) with respect to the quadrio S+LN is 

W-{-cc^+dd^=l. 

This condition I propose to caE the orthotomic invariant of the two qnadrics. 
If we take the more general forms, 

ap-^y^'{-z^'+w^'{- 2{aos + 5y + ^2? + d'w)x, 

^^ 4- 2/^ + 2;^ + ^^ + 2(a^^ '\'Vy-\'dz-{- Ww)x, 

for S+LM, S+LIST, these may, without loss of generality, be written in the more compact forms 

aoo'^ +y'^'\-%^+w'^+2(hy +cz +dw )x, 

ici'w^+y^+z'^+w^+2(h'y+c'z+d'w)a^; 

and we find, as before, the orthotomic invariant to be 

2hh'i-2cc'+2dd'==a-{-a'. 

Compare equation (1), article 1. 

The two qnadrics related, as here considered, have many important properties. Thus tJie ^oles of the f lane L 
with respect to the quadrics, and the four jpoints in which the line of conneooion of these jpoles meets the qnadrics^ 
form a system of sioff joints in involution. 

Def Two qnadrics related as in this proposition may be said to cut orthogonally. 

II. Given five qnadrics, S+LM, S+LK, &c., where 

M^EBa'co -j-h'y +c'z -\-d'w =0, 
N" = aJ'o) + 5' V + c"z + d"w = 0, 
then the condition that the five qnadrics should be coorthogonal is the determinant 



a 



a" , 



a 



fir 



nil 



a 



a'"", 



V" , 



c 



c 



II 



Jir 



Jill 



nut 



d' , 


1, 


d'' , 


1, 


d'" , 


1, 


d"" , 


1, 


d'"", 


1> 



=0. 



Hence we infer the following theorem :— If a, ^, y, ^ be any four qnadrics of the form S + LM=0, 
S4-L]Sr=0, &c., then the quadric Ka.+if.(^-\-yy-\-^^ is coorthogonal with a, /3, y, ^, and the pole of the plane 
L=0 with respect to Xa+/^/3-fyy+j5^ will be a point whose tetrahedral coordinates are proportional to 
A, jM., y, |), the angular points of the tetrahedron of reference being the poles of L with respect to a;, /3, 7, B 
respectively. — January 1872,] 
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Let a^ h^ c^ d he the centres of the spheres of reference, a^ /B, y, I ; t\ t^\ t^^\ r '"' their 
radii; then, since. U is the Jacobian of oj, jS, y, S, the tangents from a, 5, ^5 dl to U are 
equal to r^, r'V^'^^ ^'''' respectively. Again, let perpendiculars from a^ 5, ^, cZ on the 
tangent plane T be denoted by X^ (ju^ p, g. Now the result of substituting the coordinates 
of P in a=P^^— f^=: difference of squares of tangents from a to the limiting point P, 
and the orthogonal sphere U=2X.0P (O being the centre of U). Hence the results of 
substituting the coordinates of any point P of the cyclide in the equations of the spheres 
of reference are proportional to the perpendiculars X, ^, v, §. Hence we have the fol- 
lowing theorem : — 

If (a^ 5, c, d, I, m, ^, j?, q^ r\a^ j3, y, lf=^ he the equation qf any cyclide^ 

{a, h, c, d, I, m, n, J9, q, rX\ h h ?)'=0 

is the tangential equation of the corresponding focal quadric of the cyclide. 

Cor. 1. Hence if we are given the equation of the focal quadric, we are given the 
equation of the cyclide, and vice versd. 

Cor. 2. Hence, when the sphere of inversion U and the focal quadric F of a cyclide 
are given, the cyclide is determined ; but TJ is determined by four constants and F by nine. 
Hence a cyclide is determined by 4+9=13 constants. 

28. By means of the last article we are enabled to get a very important expression for 
the sphere XJ in terms of the four spheres of references. Thus, since a cyclide is the 
envelope of a variable sphere cutting U orthogonally, and whose centre moves along the 
surface of a given quadric F, now if the given quadric F be the sphere U itself, it is 
plain that the cyclide will in this case be the sphere U counted twice, that is U^ But 
the equation of U in tetrahedral coordinates, x. y^ z^ w being the coordinates, is (see art. 3) 

^2rh'^^xy cos (a(3)—27^r^"xz cos (ay)--2r^r^"^xw cos (ocl) 

— 2rVp cos (^y)~2rV^yw cos {(5l)—2rV^zw cos (yS)=0. 

Hence, forming the corresponding tangential equation, and substituting a, j3, y, I for 
the variables, we get the following determinant for the square of U : — 

—f'^, rV cos (gj/3), fVcos(ay), rV"' cos (aS), m, 

rVcos(/3a), — r'^^ rVcos(j8y), rV^^' cos (/3§), /3, 

r^V cos (yos), rVcos(yj3), —r'''% rV^'cos(yS), y, 

r"Vcos(H f'Vcos(^/3), r'^'r "' cos (Sy), -7^"% h, 

dj /3, y, ^, 0. 

This determinant may be simplified as follows : — divide the first row by t\ the second 
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by r^'5 &c. Again divide the first column by r\ the second by r'^ &C.5 and we get the fol- 
lowing result : — 



Tp 



1, 


cos (a(3)^ 


cos (ay), 


cos (aS), 


oj-T-r', 


COS (jSos), 


-1, 


cos ((3y), 


cos (/BS), 


i3 :r", 


cos (ya), 


cos(y/3}, 


-1, 


cos (yS), 


y -f-r"', 


cos(^o$)5 


cos (8(3), 


cos (Sy), 


-1 


S : r"", 


a-^f' 


j3 : r" 


ly ' /•'" 


I : r"" 


0. 



(29) 



(7or. Hence, if the four spheres of reference a, /3, y, ^ be mutually orthogonal, the 
equation becomes 



-U- 









8 



=0; 



and by incorporating constants with the variables it becomes a^+p^-j-y^-^l^=0. 

We shall find the value of U^ in this latter form very important. 

29. If the tetrahedron to which F is referred be inscribed in F, the coefficients a, ^, c^ d 
vanish; then forming the tangential equation and rej)lacing X, ^^, v^ g by a, /3, y, \ we 
have the following theorem. If the equation of a cyclide be in the form 



0, 


n, 


m, 


i'. 


a. 


n, 


0, 


I, 


2. 


^= 


m, 
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0, 


r, 


7! 


P^ 


£> 


r , 


0, 


S, 


a, 


|3, 


7> 


\ 






U, • • • • • • (OUI 



that is, of a symmetrical determinant bordered with the variables whose diagonal terms 
are each zero, the spheres of reference have each double contact with the cyclide ; in 
other words, they are generating spheres. 

Cor. From this theorem, combined with article 3, we can easily get the equation of a 
sphere circumscribing a tetrahedron. 

30. If the equation of a cyclide be given in the form 



(31) 



+ 2m(ay+^)+2^'i(«|3+yS) = 0j ' 

where 1 + 2 lmn=l^ +7)1^+71", it can be proved, precisely as in Salmon's ^Geometry of 
Three Dimensions,' p. 158, that each of the spheres of reference cuts the cyclide in two 
circles. Hence (see art. 19, Cor. 1) each of the spheres of references is a generating 

sphere. 

31. If the coefficients of cc\ j8^ y% h' in the general equation of a cyclide vanish, then 
the coefficients of X^ ^% p\ f vanish in the tangential equation of the focal quadric ; 
and hence if the coefficients of the sqimres of the variaUes vanish in the equation of a 
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cy elide ^ the focal quadric is inscribed in the tetrahedron formed hy the centres of the sjpheres 
of reference. 

32. Let W=(a5 hj c^ dj /, m, n^jp^ q, r^a, /3, 7, §)^=0 be the equation of a cyclide, 
and we know that the square of the Jacobian of cc^ /3, y, § is given by the equation (29). 
Now, substituting x, ^, v^ f for a, ^5 y, 5 in these equations, we have the tangential 
equations of the focal quadric F of the eyclide and the sphere U ; but if F and U be 
referred to their common self-conjugate tetrahedron, their equations will take the form 

Hence we have W and U^ given by the equations 

lS[=aa''+1)^^+cf+dl'=^, 
U2s-~(o:^+j3^+y2+^^)=0 (see art. 28. Cor.). 

Now if, for the sake of uniformity, we represent U by g, we have the following equation 
identically true, 

a^+/3Hy'+S' + 2'=0; (32) 

and since the addition of any multiple of an expression which vanishes identically does 
not alter a function, we see that the equation of a cyclide may be written in the fol- 
lowing form by adding ^(aj^+/3^+y^+§^+s^) to ac^^-f ^iS^+^y^+^^^=05 and afterwards 
putting a for {a+e\ I for (5 + ^) &c., 

WH^ac^^+^'i3+^y'+^^'+^s^=0, ........ (33) 

in which each of the spheres of reference is cut orthogonally by all the others. 
We could show a priori that W can be expressed in either of the forms 

or 

at^^ + 5/3^ + c?y^ + S^^ + ^s^ = ; 

for the first form contains explicitly three constants, and each sphere contains four 
constants, so that there are 3 + 4x4::=::19 constants at our disposal; but each pair 
of spheres being mutually orthogonal is equivalent to six conditions. Hence we 
have thirteen constants, which is the number required. Similarly, in the second form 
we have twenty-four constants; but these are subject to the equation of condition 
^2^j32_|_y2^_g2^g2^ whlch doos not vanish identically except by the incorporation of 
certain constants, and the condition of orthogonality of each pair of spheres is equivalent 
to ten conditions. Hence, as before, we have thirteen conditions remaining. 

33. By means of the identical relation c^^+^^+y^+^^+^^=0, we can eliminate in 
succession each of the five spheres c«j, ^, y, §, 2 from the equation (S3) of the cyclide; 
and we see that the same cyclide can be written in five different ways, the letter elimi- 
nated representing the sphere used in the corresponding equation of the surface. 
Hence we have 
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W^(b-c)f+(h--d)l' +(5-^)g^ +(h-a)a'=0, ( II) 

■W^(c--d)h' +{c~-e)B' +{€ -ay+(G--b)P'=0, (III) !^ . . . . (34) 

W=(e?-^)2^+((l™(^)c.^+(e?-5)^^+(e?--^)/=0, (IV) 

W^(e-^ay+(e-h)^'+(e--€)f+(e-d)l'=iO. ( V)_ 

If we denote the focal quadrics corresponding to these different forms of the equation of 
"W by F F^ P^ F^^ F^'''^ we get the following as the tangential equations of the five focal 
quadrics : — 

F ^(h-^cy +{b-^d)f +(b-^ey + {b-a)'k'=0, 

W ^(c~-d)f+(c-^ey+(c-~a)-h'+{c--by=0,y (35) 

P^^EE.((?^6)(r^+(e?-a)xH(c?-%'+(e?~-o)i''=0, 
F(^)^(e-ay+(e^by+(e-G)p' +(e -dy=0.^ 

So that the cyclide W can be generated in five different ways as the envelope of a vari- 
able sphere whose centre moves on a quadric and cuts a given sphere orthogonally ; 
the corresponding spheres and^quadrics for generating W being cu, F ; /B, F^ ; y, F^^ ; B, F^' ; 
^5 F^'""^ respectively. 

34. Since the tangential equation of 05 is plainly |t>?/^+i'^+f^+<r^=05 

we get the equations of the developables circumscribed to the pairs of quadrics 05, F ; 
(3^ F^5 &c. by a known process ; thus the developable circumscribed about a and F will 
be the envelope of the quadric, whose tangential equation 

(a'--by'{'(a'-c)p^+(a-—d)f+(a'—ey+k((j(J^ 

and by taking ^=(5— a), (c— a), (d—a)^ (^— a) in succession, we see that the double 
lines of the developable are the plane conies, whose tangential equations are : 

(^c^by+(c-d)f + (c --6)^^=0, 
(d^iy^(d-cy+(d--ey=:0, 
(e-by+(e --cy+ie •-d)f=0. 



(36) 



By comparing these with the system of equations (35), we see that the first conic is a 
plane section of the quadric F', the second of F^', the third of F^', and the fourth of F^^^ 
Hence, if we call the spheres a, /3, y, S, s the spheres of inversion of the cyclide (we 
shall prove this in a future Chapter), and call %^ !S^, ^'^ %'^\ S^^^ the five developables 
circumscribed to the spheres of inversion and their corresponding focal quadrics, we 
have the following theorem : — 
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TA^' double lines of % are plane sections of ¥ , F' , F^^ F^'^ , 

]£' F^^ F^'^ F^^^^ F 

^jt -put ipini ip "p/ 

'C///f "P "p/ 17// p/// 

35. If we take the first of the equations (34) to represent W, the corresponding sphere 
of inversion is u^; but this, in virtue of the identical relation Gj^+i3^+y^+^^+2^=0, is 
also given by the equation /3^+y^+^^+s^=0 1 ^nd eliminating j3^ y^, P^ ^ in succession 
between W and ce^ we see that each of the four binodal cyclides are inscribed in W, 

{G-l)^^^{c^d)}?^-{G-ey^^, 
(d^h)(i'+(d'-c)f+{d'^e )b'=0, 
(e-b)(5'+(e-c)f+(e~-dy=^0, 

and these cyclides have the double lines of % as focal quadrics. 

It is plain that we get corresponding results for each of the five forms (34) in which 
the equation of W may be written, so that tJie cyclide W is circumscribed about ten 
binodal cyclides. The focal quadrics of these binodals are plane conies^ and through each 
conic two developables pass. 

Sectioist II. — SpherO'guartics. 

36. Let P, a point on the surface of the sphere U, be the centre of the small circle S on 
the surface of the same sphere, O a fixed point, also on the surface of IJ, which we shall 
take as origin, OX a great circle of U corresponding to the initial line in plane geometry, 
and let 0P=^ and the angle POX=m ; then m and n are what I shall call the spherical 
coordinates of the point P ; and whenever I shall use the term spherical coordinates it is 
in the sense here explained. Now let S and § be the spherical coordinates of any point 
Q of the circle S, then (the reader can easily construct the figure) we have from the 
spherical triangle OPQ, r being the radius of S, 

cosr=cos%cos|+sin^ sin§ cos(S— m). ...... (38) 

This equation may be taken as the equation of the small circle S. Now if in the equation 
(38) we substitute the spherical coordinates of any point Q^ whose distance from P is the 
arc/, we plainly get cosr — cos/; but cos r— cos/ is equal to the perpendicular let fall 
from the point Q' on the plane of the small circle S, hence we have the following 
theorem : — The result of substituting the spherical coordinates of any point on the surface 
of a sphere radius unity in the equation of any small circle on the sphere is equal to the 
perpendicular distance of the point from the plane of the small circle. 

37. If any sphere Q intersect a cycHde W, the curve of intersection is a sphero-quartic. 
Demonstration. Let W^a^'+5/3''+cy'+c?o^ and let perpendiculars from any point P 
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of the curve WQ on the planes through ^the intersection of Q and a, Q and /3, &c. be 
denoted by ^, j^, 0, w ; then if the distances from the centre of Q to the centres of cc, /B, y, S 
be denoted by ctf^^ oj^j o).^^ 0/4 respectively, it is easy to see that the results of substituting 
the coordinates of P in cc, (i^ y, & are 2c^iWy 2&)^y^ 2i&)^z^ 2a)^w^ and therefore the quadric 

passes through the curve WO. Hence the curve WQ is also the intersection of the 
sphere Q and the quadric (39), and therefore it is a sphero-quartic. 

38. If in the last article v^e suppose the sphere Q to coincide with U, the sphere 
orthogonal to ot, j3, y, \ and if we denote the circles in which the spheres «, j3, y, S 
intersect U^ by the same notation, that is, by 05, ^5 y, \ then if the radii of the circles 
a, /3, y, I be /, /, r'", /^'', it is plain that 00^, co^, a^, 00^ of the last article become sec /, 
seer", secf% seer"'', the radius of U being denoted by unity. Hence, by articles 36 
and 37, we have the following theorem : — If Ws(a, 5, (?, d^ Ij m, n^ p^ q^ t\c&. j3, y, S)^=0 
he the equation of a cyclide^ the equation of the sphero-quartic WU will he 



(a, 5, 6?, d^ l^ m, ^, py q^ r) 



a 



S 



cos r'' cos r''' cos r^^'' cos r^^" 



0, 



. . (40) 



where cs, j3, y, B are the small circles of intersection of the spheres a, /3, y,^ with U. 

39. From the three last articles, combined with art. 28, we have at once the following 
theorem, which is a very important one in the theory of sphero-quartics : — If <%, j3, y, ^ 
he any four small circles on the sphere U, the following relation will he true for any point 
on the surface of U, and will therefore he an identical relation : 



-1, 

cos (/3^), 
cos {ya) , 
cos (^(z) , 

a ™ sin f ', 



cos (c«/3), 

-1, 

cos (7/3), 
COS (Sj3) , 
/3 — sin r", 



cos(ay), 
cos (/By), 

COS (Sy) , 



/// 



y-rsmr , 



cos(aS), a-^mxr\ 
cos^S), J3-T-sinf'', 
cos (yS), y -T- sin r ''', 
—1, §~-sinr''^', 
T-sinr'''', 0, 



0. 



. (41) 



Cor, If the circles a, (5, y, S on the surface of U be mutually orthogonal, the relation 
is identically true for any point on U, 



a 



2 



sin^ r' 



g jj^2 ^!l T^ gjj^2 ^flf n^ gj^2 ^//// 



0, 



(42) 



If we incorporate the constants with the variables this becomes a^+/3^+y^+^^=0. 

40. If 05, ^, y be three small circles on the sphere XJ, and if a sphero-quartic be given 
by an equation of the second degree (a, h, Cyf g^ h^a^ |3, y)^=0, I say the tangential 
equation of the corresponding focal sphero-conic is 

(a^ b^ c^f g^ hy\^ (jb^ pf=0. ......... (43) 
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Demonstration. Let F be the focal sphero-conic, ejj the centre of e«, one of the circles 
of reference; then if P, P' be limiting points of the system, composed of J and any 
tangent TV to F ; P, P' are points on the sphero-quartic^ Let K be the pole of the great 
circle TT. Now if at be the tangent from a to J, by art. 36, the resnlt of substituting 
the coordinates of P in the small circle <x=cos at — GO^ aP, this may be written 



but 



cc=QOBat—coBa'?; 

cos aO sin A sin OT + cos K cos OT cos OKa 

cos at:=: — -7TT = -T^. ? 



COS O^ 



cosO^ 



and 



cos d?=zmi X sin PT+ cos X cos PT cos QKa 



• » • Trim I 

=smXsinPT+ 
Hence, by substitution, we get 



cos A cos OT cos OKa 
cosOj? 



sill \J i. • "pirr^ f 

ci=^smX^ — -7=rr— smJri^ ; 
cos 0^ * 



and putting for cos O^ its value cosOT-v-cosPT (see art. 24), we get 



sin X sin OP 



m 



cosOT 

Hence the results of substituting the coordinates of any point P of the sphero-quartic 
in the equation of the small circles a^ /B, y are proportional to the sines of the arcs from 
the centres of os, ^, y to a great circle tangential to the sphero-conic F, and hence the 
proposition is proved. 

41. If the cy elide W be expressed in terms of four spheres a, /B, y, § which are mutually 
orthogonal, then the sphero-quartic WU will be expressed in terms of four circles which 



(44) 
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are mutually orthogonal, and its equation will be of the form aa^+Jj3^+cy^+<^^^=0; 
but a^+j3^+y^-|-S^=0 is an identical relation. Hence, eliminating each of the variables 
«^ i3^ 7^5 ^^ in succession, we see that the same sphero-quartic may be expressed by either 
of the four equations : 

(b-ay+(b-c)y'+(b -d)h''=0, 

(d-ay+(d-l)(i^-]-id-c)f=0, \ 

and by the last article we see that the sphero-quartic has four focal sphero-conics, whose 
tangential equations are : 

{a-by+(a—cy +(a-d)f=0, ' 

{b-a)-K^-\-{b-cy +(J-(Z)g^=0, 

{d-ay^{d—by-\-{d-cy=^. j 



(45) 



Cor. Sj^hero-quartics may he generated in foiir different ways as the envelojpe of a vari- 
able circle which cuts a given circle orthogonally, and whose centre moves along a given 
sphero-conic, 

42. If 'W=(a^ §5 c, d^ l^ m, n^p, q^ r\a^ /3, y, ^)^==0 be the general equation of a 
cyclide, and U the sphere orthogonal to a^ jS, % \ then it is easy to see that the results 
of substituting the coordinates of any point P of the sphero-quartic ( WU) in the equations 
of 0^5 /S, y, ^ are proportional to the perpendiculars from the centres of ct, jS, y, § on the 
tangent plane to U at the point P; but if these be perpendiculars to X, ^h^ y^ ^, we see 
that the surface whose tangential equation is 

(a, h, c, d, I, m, n, p, g, rXh l^, h if 

is inscribed in the developable formed by the tangent planes to U along the sphero-quartic 
WU5 but this tangential equation is that of the focal quadric of W. Hence we have the 
following theorem: — The developahle circumscribed about the focal gitadric of a cyclide 
and the corresponding sphere of inversion U touches the sphere along the spihero-guartic 
(WU), and the cones whose vertices are at the centre of U, and which stand on the nodal 
conies of the developable^ intersect TJ in the focal sphero-conics of the sphero-guarticWJJ . 
The latter part of the theorem is evident by writing the equation of the cyclide in terms 
of four spheres mutually orthogonal, and from the equations (45) of the last article^. 

* [We have. given in. art. 33 tlie equations in tangential coordinates of the iaye focal quadrics of a cyclide; 
the following investigation gives,^ being given the equations of a focal quadric and the corresponding sphere of 
inversion in Cartesian coordinates, the equations in Cartesian coordinates of the four remaining focal quadrics. 



,2 



I. Let _^+^-l-~~-l=0 be the focal quadric E of a cyclide "W, and (cG~j-y + (y—gy+(z — hy—r^=zO be 
the corresponding sphere of inversion ; then if from the centre of the sphere we let fall a perpendicular GT 

4o2 
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CHAPTEE lY. 

S^hero-quartics (continued). 

43. In discussing the properties of sphero-quartics, we have hitherto considered a 
sphero-quartic as the intersection of a sphere and a cy elide. There is another mode of 
considering sphero-quartics, which offers many advantages for the investigation of these 
curves, namely, to consider a sphero-quartic as the curve of intersection of a sphere and 
a quartic cone tangential to the cyclide, the vertex of the cone being at the centre of 
the sphere, which we shall take as one of the spheres of inversion of the cyclide. This 
method of studying the sphero-quartic will give us an opportunity of showing the con- 
nexion which exists between the invariants and co variants of plane conies and of circles 

on any tangent plane to E, and take two points P, P' in opposite directions from T on OT so that 

OT2-TP2=:OT2~TP'2=r2, 

tlie locns of tlie points P, P' is the cyclide W; but denoting OT by p, and OP by ^, this gives ns 2^^=:r^-\-f, or 

2 ^^a^ cos^ a + 6^ cos^ (3 + (f cos^ y—2(f cos a +^ cos f^ + Ji cos y) r=r^ + ^^, 

cos a, cos /3, cos y being the direction cosines of OT. Hence, if the centre of the sphere be now taken as origin, 
we have the equation of the cyclide 

4(a V + hy + c V) == (,^2 4. ^2 ^ ^2 ^ 2f.v + 2gy + 27iz + r'f. 

II. The equation of the cyclide given in I. is the envelope of the quadric S-j-|w.C + |x-=0, where S represents 
the cone aV + 6y+cV, and C the s^lcieie a)^'{-y^+z^-\-2fa+2gy-{-2hzi-r^ ; and the condition that this should 
represent a cone is the discriminant 

(aH p)(6H ix)(cH i^)(p^^ + i^^) - />^y^(&H fO(^' + i^) - i^y (^^ 

or, as it may be written, 

//2f2 ,,2^,2 2^2 

If the five values of jjl in this equation be denoted by /i^, ju^, jUg, fj^, jt^g? "we have the equations of the five cones 
which have double contact with the cyclide (see art. 187), S4-/x^C+/i^^, B-^fx^G+fj^^, &c, ; and the vertices of 
these five cones are, by the same article, the five centres of inversion of the cyclide. Since one value is obviously 
= in the foregoing equation, we see that the cone whose vertex is the centre of the sphere of inversion 

(^-fy + (y-gy + (^ - hy-r'= o 

will be, when that centre is taken as origin, 

Hence, if the other centres be taken respectively as origin, the equations of the other cones will be 

(a^+M>^+(6^+iu,)2/^ + (c^+/.,y=0 (a') 

(a^+/.>H(&HiU3)t/H(o^+/x3y=0. . (/3') 

(a^+^>H(5^+iu>H(c^+iu.y-0. .......... (y') 

(aHA^,K + (&^-FiU5F+(cHi«,y=:0 (70 

Now, since the cone aV-\-¥y^-\-c^z'^=^0 is the reciprocal of the asymptotic cone of the focal quadric 



.2 .,2 ^2 



^ j_^_L.I- — 1^ w^e infer that the cones (a'), (/3'), (y'), {I') are the reciprocals of the asymptotic cones of the 
0} IP' c^ 
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on the sphere, and to show that sphero-quartics may be generated in the same way as I 
have given in the Fifth Chapter of my ' Bicirculars ' for generating plane quartics having 
two finite double points. 

44. The equation of a right cone whose semivertical angle is g is 

L'-coB'qiw'+f+z')=0,. . . . ..... . (46) 

where L is a plane through the vertex of the cone : now this cone intersects a sphere of 
radius unity whose centre is at its vertex in two small circles ; and I say that the two 
factors of the equation (46), namely L+ cosg(^^+J/^+^^)'? ^^J b^ taken to represent 
these two circles; for the equation (38), which represents a small circle on the sphere, 
will become by transformation to three rectangular planes L= coBg^w^-^y^-^z^f^ and its 
twin circle will be the other factor, L+ cosg{w^'{'f'^z^)K 



other four focal quadrics ; and hence we have tlie following system of Cartesian equations of these focal 
quadrics : — 






J, y _i, ^ — 1 



+ 7t4— +-^: =1> 



a^^-\h^ ^Hf^s cHps 

so that the five focal quadrics are confocal, as we know otherwise. 
III. Since the equation 

a^+juu V-^^h c^+fc 
may be written in the form 

/' ^ f ^ ^^' -1+^', 
d^-\-\f, 6^+jw, 6^-^\h i^ 

and this is the discriminant of ftF+ J, where 

Cl u C 

(see Salmon's * Geometry of Three Dimensions/ p. 146), we infer that the same values which will make ju,F4- J 
a cone will also make S+^xC+z^^ (see II.) a cone. The two cones will have a common vertex, their equations 
referred to that vertex as origin being 

w\a^ + p.) + y^Q^^ -{-1^:)^ ^(f + ^)= 0. 
Hence we have the following remarkable theorem :— If F and J be a corresponding focal quadric and sphere of 
inversion of a cyclide, and if ju<p iJ.^, jXg, ,^4 be the four roots of the biquadratic which is the discriminant of 
|i4F+ J, then if F be given in its canonical form. 



.2 ^,2 ^2 
a 



x^ ,y"^^ i_A 



the equations of the four other focal quadrics are got from this by changing a\ h\ c^ respectively into (a'+f^,), 
(5^ + /K./),' (c^-f ^^, &e. 
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Nowif we put S for the point sphere x^-\-'>f+z', the equations of the two circles may 

be written 

S^±Lsece=0 (47) 

It is clear that these equations (47) may also be interpreted as denoting separately the 
two sheets of the cone (46)— that is S^-f L sec ^ represents one sheet of it, and S^ — L sec § 
the other. Hence we infer from this article and from article 38 that the eqiiation 

will rejpresent a cycUdej a s^hero-quartic, or a tangent cone to the cy elide, whose vertex is 



IV. "When B+fxQ+fx^ (see II.) represents a cone, the coordinates of the vertex are, by the usual process, 

—Mf —H9 zith. 
a^+fx' W+fJ^' cHi^' 

if referred to the centre of J as origin, or 

o^f Wg c% 
aP-^fi W-^-^i c^4-/x' 

9 2 2 

if referred to the centre of P as origin. Hence we have the following theorem : — If r^~4-^4-— — 1=0, 

a^ ¥ & 

and jH^(^--/)2-f (^--^)2+(2;— 7i)2__.j.2_-() ]3g ^ corresponding focal qnadric and sphere of inversion of a 
cycHde, and if ju^, jw^, JW3, /x^ be the four roots of the biquadratic in ^, which is the discriminant of ^F+ J, then 
the coordinates of the centres of the other four spheres of inversion are : 

a^f Wg cVi 

a^+fi^\ ^H^' o^+H'i 

a^f ¥g c% 

^H/is' ^NhK' G' + fJ^2 

a^f ^V ^^^ 

^^^3' ^+7^3' ?+7^' 

ay ¥g cVi 

0^7/ Wt^l cq:^; 

Cor, These values satisfy the system of determinants 



:0, 



or 



X y 




(^ /). (y 9\ (^ ^9 


^x ^y ^z 


999 

9 9 9 


=0. 

J, 



Hence we have the following theorem : — If F and J be a corresponding focal qnadric and sphere of inversion 
of a cyclide, then the ^Ye^ centres of inversion of the cyclide lie on the Jacobian curve of J and E (see Cayley, 
" Memoir on Quartic Surfaces,^' Proceedings of the London Mathematical Society). 

Y, Being given 



a 



5+|+|-l = 0' J^{x-ff+iy-9y+(^-W-r'=0, 



the equation of the cyclide is 



4(aV+¥f+e^z^)-~(m'^+y'^-\-z^i-2fa + 2gy-j-2Jiz + ry=0, 



% . » • 4 



(A) 
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at the centre of the sjphere of inversion U of the cyclide^ according as we regard the vari- 
ahles 05, /B, y, S as spheres^ as circles on the sj^here U, the JacoUan of the s;pheres a^ (3, y, \ 
or as single sheets of cones having their common vertex at the centre of V. 

45. From the double interpretation of the equation S^+l* sec ^=0 as denoting a 
small circle on the sphere, or as denoting a single sheet of the cone (46), all the results 
which we shall prove in the following articles are twofold in their application; for sim- 
plicity, however, I shall consider it as denoting a circle unless the contrary is expressed. 
If the equation of the plane L be aa?+%+<^^=05 it is clear that ^, ^, c maybe regarded 
either as the direction cosines of L, or the coordinates of its pole on the sphere U, for 



Again, being given 

the equation of the cyclide is 

The origin in equation (A) is the centre of J, and the origin in equation (B) is the centre of J', that is, the 
point whose coordinates with respect to the centre of J are 

-f^if —^i9 -M 
^'+f*x' ^'+Fi ^'+i^i' 

In order to compare the equations (A) and (B), which represent the same surface, we must transform (B) to 
the same origin as (A), or (A) to the same origin as (B) : we will adopt the latter transformation, and we get. 
the following result :— 






> •••■(C) 



2 



V 



Since the equations (B) and (C) represent the same cyclide and are referred to the same origin, by comparing 
the absolute terms, we shall get the value of r^ in terms of r'^, ^, and known constants. The absolute term in 
equation (C) is 

which, being reduced by means of the relation 

ct^+IJi, h^'\-l-h ^'+/^l /"i 

becomes 
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these are both the same thing. Hence it follows, when we represent a circle on U by 
the equation S^— L:=:0, where L=(^^ + %+^^=0? that a, by c are equal to the direction 
cosines of L multiplied respectively by the secant of the spherical radius of the circle. 
46. Now let us take, as in conies, the small circles 

and form the invariants of this system; thus 

is a small circle coaxal with S^— L and S*-— M, L— M=:0 being the great circle through. 



and the absolute terra in equation (B) is r'^. Hence we get 

5_ l^\f j_ (Af 



nt-^ I 4*1 



f2. 



+ 



■f-: 



/^i 



Vi^ 



That is tlie sum of the squares of the radii of J and J'= square of the distance between their centres, and 
hence J and J' cut orthogonally. 

YI. The cyclide got from J and E is the envelope of the quadric S+ftC+ft^, where 

The same cyclide, gottroln J' and EV is the envelope of the quadric S' +AC'4- A^, where 



and 



C: 



a'-j-fi, h'^+fi, o' + j,^ 



Z'^-'i 



J2 



ISfow, to show that S-f-^aC+jw^^ and S^ + aC^ + X^ represent different quadrics,we are to observe that the first is 
referred to the centre of J as origin, and the second to the centre of J' as origin. JSTow let us transform the 



first to the same origin as the second ; we must change ^ into .v- 



■-pf~, y into y-^Jhi^, ziii to z- .^ 



^fi 



; and, 



in order that they may be identical, we must have ju=/ii+X; this will make the coefficients of o^'^,.y^, z^ the 
same in both, but the coefficients of .r, y, z will be different. Hence S+juC+f*^ and S' + XC'+ X^ cannot repre- 
sent the same quadric. Hence we have the following theorem : — A cyclide which has no node may he generated 
in five, diffeneni, ways as the envelope of a variable quadric, 

YII. If it be required to find how many double tangents can be drawn from a given point to a cyclide, let 
us substitute the coordinates of the given point in the quadric S + juC + jli^, and we shall have a quadratic in ii', 
hence two quadrics of each of the five systems of generating quadrics pass through the given point, and two 
rectilinear generators of each quadric pass through the given point ; now each rectilinear generator of the gene- 
rating quadric is a double tangent of the cyclide. Hence we have the following theorem : — The tangent cone 
from an arbitrary point to a cyclide luhich has no node has twenty double edges, 

YIII. If E^(cir, h, c,,d, I, m, n,p, q, r'Xw, y, z, 1)^=0, 

J EEE ^2 _|_ ^2 ^ ^2 _ ^2 __. 0^ 

the cyclide is given by the determinant 



a. 


n, 


m, 




P> 








--2.V, 


n, 


h, 


I , 




i^ 








-%, 


m, 


h 


c , 




^% 








-2z, 


p. 


9^ 


r , 




d, 






(x- 




-2a7 


-% 


-~2z, 


(a 


■?+if+z- 


'+'> 


•% 




0, 



=0.— -January 1872.] 
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their points of intersection. Forming the discriminant, we get 

(l-S'0^^ + 2(l-R)/^+(l-S0 = O, . (48) 

where S', S'' denote the results of substituting the coefficients of ^, y, z from the planes 
L and M in the point sphere S (.r^+2/^+^^=0), and R the result of substituting the 
coefficients from one of these planes in the equation of the other. Hence if ^^ ^^ be the 
spherical radii of the circle S^'— L and S^— M, we have 



1 — S^ = — tan^ §', 
l-S^'=-tan^f^ 
1 — R z= — tan ^ tan ^^ cos C, 

where C is the angle of intersection of the circles. Hence the quadratic (48) becomes 

tan'f^'y^'+2(tanf'tanf^^cosC)^+tan^f^=:0, (49) 

and the discriminant is 

tan^^tan^^^^sin^C; (50) 

and this is what corresponds, in the geometry of two small circles on the sphere, to the 
invariant of two conies, 

(i-so(i-s'0-(i-K)'- 

See Salmon's 'Conies,' page 343, or 'Bicircular Quartics,' art. 127. 

47. If D be the spherical distance between the poles of the planes L, M, we have 

COS g' cos g" 

Hence if 1— R=0, cosI)= cos f' cos p'^, or the triangle is right-angled which is formed 
by D, f^, {^ that is the circles S^— L, S^—M cut orthogonally (compare art, 9). 

48. The two factors 1~E±\/(1-S0(1-S^0 ^^ ^^e invariant 

(l--R)^-(l-SO(l-S'O 
are plainly 

tan ^ tan ^^ sin \ C,l /r «. v 

tan ^ tan ^^ cos J C, j 

where C is the angle of intersection of the circles S^— L, S'— M; and these are respec- 
tively the sine squared of half the direct common tangent, and the sine squared of half 
the transverse common tangent of the two circles. We have therefore, from the exten- 
sion of Ptolemy's theorem in my memoir "On the Equations of Circles," this further 
extension to conies inscribed in the same conic, namely, the condition that four conies, 
S^"— L, S^— M, S^— N, S^— P, should be all touched by a fifth conic of the same form is 

^/(12)(34) + v^p)~(24) + v^(14)(23)zzz0, ...... (52) 
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where (12) stands for the invariant 

(l_R)_y(l_S^)(l-S^/) of two conies. 

49. If we eliminate Tc between the equation 

and the discriminant, 

W tan' ^^ + 11 tan / tan ^^ cos C + tan' ^ = 0, 
we get 

(S^~L)nan'g^'-~2(S^~LXS^-M)tanf'tanf'^cosC + (S^-M)tan'/=0. . . (53) 

This is the equation of the limiting points of the two circles S^— L=:0 and S^— M=0 ; 
and they evidently correspond to the vertices or points of intersection of the two pairs of 
lines which can be drawn touching the conic S through the points of intersection of the 
conies S^— L and S^— M, with their common chord L— M. Compare art. 8, equations 
(11) and' (12). 

Got. The equations of the pair of points diametrically opposite is got by changing the 
signs of L and M in the circles S^— L and S^— M. 

50. We may get the equations of thelimiting points otherwise. Thus, if cos a', cos ^^ 
cos / ; cos {^\ cos jS'', cos y'' be the direction cosines of the planes L and M, then, when 
we write the equations of the small circles in the form S^— L=0, S^— M=:0, we must have 

L ^ sec g' {x cos a! -\-y cos jS' +2; cos y' ), 
M= sec ^\x cos od^ +y cos ^^^ +z cos y''). 

Let, then, the circle S^— L+^(S^— M)=0 be denoted by 

S^— secr(^cosX+2/cosf^-|-2;cosf)=0; 

and if this reduce to a point, we must have secr=l. 
Hence, comparing coefficients, we get 

(1 +^) cos X = sec g' cos od -{-Jc sec §'' cos a'', 
(1+^) cos 10/=! secg'cosj3'+^secg''cos/3'', 
(1 +^) cos V = sec g' cos y' +Ic sec f cos y" ; 

square and add, and we get, after a slight reduction, 

F tan' f + 2k tan g' tan f cos C+ tan' §'=0, 
the same as before. 

51. We can now, from the results proved in ' Bicircular Quartics,' write out at once 
corresponding ones for three small circles on the sphere. Thus, from the equations of 
the four conies J, J', J'', J^'^ orthogonal to three given conies, S— L', S— M', S— N'=:0, 
we can write out the equations of the circles cutting three circles orthogonally. Thus if 
the circles be S^— L, S^— M, S*— N, their spherical radii g', g'^, g'"; direction angles of 
the planes L, M, N be a\ /3^, y' ; cc", [5"^ y'^ ; al^\ fi^'\ /^^ the orthogonal circle J is the 



DE. J. GASEY ON CYCLIDES AND SPHEEO-QITAETICS. 



613 



determinant 



& 



w 



y 



z 



cos§' 5 coBoJ y cos/3' 5 cosy 5 

COS /3'' 5 COS 7^' 5 
COS /3'''5 COS y'^'. 



cos§ 



cos a 



cos 



f 



cos OS 



0. 



(54) 



Compare art 11, equation (16). 

52. The foregoing equation can be got directly as follows, my object in giving the 
above method being to show the identity of the methods of spherical geometry, and the 
method of conies given in the ' Bicirculars ;' and in fact it was geometrically, that is, from 
consideration of the sphere, that I first discovered the method given in the ' Bicirculars.' 

Let ^ be the radius and X, (m^ p the direction-angles of the axis of the orthogonal circle ; 
then, from the condition 1— E=0 (see art. 47), we get three equations, 



cos §' cos 5r — cos X cos a' — cos ^ cos /3' — cos p cos y' 



cos q" cos T— cos X COS a" •— cos |t^ cos j3^' — cos p cos y 



J! 



Jfl. 



0, 
0, 

0; 



cos §'" COST— cos X cos a'"— COS//- COS /3"'— COS)* cosy 
and the required circles give us a fourth equation, 

S^COS^—- COSX(^)—- COSf^(^)— COSi'(0) = O. 

Hence, eliminating linearly, w^e get the same determinant as before. 
Cor. The equations of the three other J's are got from the equation (54) by putting 
negative signs to the direction cosines of the axes of the circles. 
53. The equation (54) expanded is 



S^ 



cos cc! , cos /3^ , cos y' , 
cos a" , cos j8^' , cos y'^ , 
cos a"'y cos j3 



, cosy^^ 



(55) 



w 



cos j3' , cos y' , cos g^ , 
cos (5" , cos y^ 5 cos q" 5 
cos/3% cosy'^^, CGS|% 



y 






cos y' , cos cd , cos q' , z 
cosy^^, cosc^^^, cosg'^, + 
cosy'^', cosci^ cosg% 



cosa' , COB (5' , cos/ , 
cosos^^, cosj3^% cos/% 
cosc^% cos/3% cos/^^ 



Let this be written GS'=lw+'H.y +Kz, and comparing it with the equation 

S*=sec r(^^ cos X+^ cos ju»+;^ cos ^), 
we get 



sec^f: 



F + H^ + K^ 



Gr 



2 



(56) 



Hence the coordinates of the pole of the plane of the orthogonal circle, with respect to 
the sphere U, are 

ill 

Now if this point be within the surface of the sphere TJ on which the circles S^-— L, 
S^— M, S*— N are described, the orthogonal circle will be imaginary. But if the circles 

4p2 
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S^— L, S^— M, S^~— N be great circles, we have g'=^"=§^''=~ andl,!!, K each^zero, 

but G is finite. Hence the orthogonal circle becomes the imaginary circle at infinity. 
Hence we have the important theorem : — That the imaginary circle at infinity is the 
circle which cuts three great circles of the sphere orthogonally^ and is therefore a limiting 
case of the circle cutting any three circles orthogonally. 

Cor. In the geometry of a plane the two circular points at infinity are represented by 
the circle which cuts the three sides of any triangle orthogonally, and is therefore a 
limiting case of the circle which cuts any three circles on the plane orthogonally. 

54. The following transformation of equation (55) will be useful in a subsequent 
article. Let the sides of the spherical triangle formed 
by joining the spherical centres of the three small circles 
S^^^L, S-^-M, S-^-N be denoted by ^^ -^^ ^'^ respec- 
tively, and the direction, cosines of the planes of these 
sides, or, which is the same thing, of the lines from the 
centre of the sphere U to the angle points of the supple- 
mental triangle be cos a\ cos h\ cos d; cos al^^ cos y\ cos d^; 
Qo^a!^\ Qo^¥\ cosc"^ respectively, then the equation (55) 
becomes transformed into the following : 



<^> 




///-./// 



a'''j3'''if 



S^ 



cos a' , COS j3' 5 cos y' 
cos 0^^ 5 cos jS'^ , cos y'' 
coso:^^^, cosfi^"^ cosy"^ 



(57) 



' + cos f ' sin -v^' (x cos a' +y cos i' +^ cos d " 
+COS g" sin ^'^ (^ cos a'^ +y cos b" -{-z cos d' 
^ + COS §^'^ sin -^^^x cos aJ^'+y cos F'-^z cos d^^. 
55. Let us seek the locus of all the point circles of the system 

Z(S^-L)+m(S^-^M)+^(S^-N). 

The equation S^ =^ cos X+y cos ij.+z cos u denotes a point circle (see art. 50). Hence, 
comparing coefiicients, we get 

cos X = Z sec g^ cos (x! -{-m sec ^^ cos cd^ -{-n sec g^^^ cos oJ'^ 
cos(jj=l^ec q' cos /3^+m sec ^^ cos /3'^+7^ sec ^^^ cos /3'^^ 
cos V =r Z sec g' cos y' -{-m sec ^^ cos /^ -\-n sec g"^ cos y'^^ ; 
square and add, and we get 

lz=.P sec^ g>^+m sec^ ^^-^n'^ sec^ ^^^ -\~ 2lm sec f' sec f sin -^^^^^ 
+ 2mn sec ^^ sec g>'" sin -^z'+S^? sec ^^^ sec ^ sin -^/^ 

Now, since all that we are concerned with is the mutual ratios of the multiples Z, m, ?^, 
let us suppose Z+^^+^^=l; square and subtract from equation (58), and then replace 
Z, m, n by ^, y, z^ and we have the equation of J (see art. 51) in the form 

(tan^ f ^5 tan^ ^\ tan^ f^^ — tan ^ ^ tan ^' cos C, ] 

— tan ^^ tan g*"^ cos A, — tan ^^' tan ^ cos B)(^, y, ;s)^z=:0. J 

Compare 'Bicircular Quartics,' art. 139. 



(58) 



(59) 
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56. The condition that four small circles 



S*-L, S*-M, S^-N, S*-P 

should be coorthogonal is easily seen to be the determinant 

cosg' , cos a' , cosjS' , cosy' , 
cos q" , cos a" , cos j3" , cos y" , 



cos g'" , 



cos a"' , cos j8"' , cos y 



/;/ 



cosg"", COS a"", cosj3"", cosy"", 



0. . . 



(60) 



Now, if we form the equations of J^, J^^, J^'^ (see art. 52, Cor.)^ and using transformations 
similar to those of art. 64, we see that the four J's (J, J', P, 3"^) fulfil the condition of 
being coorthogonal. Hence we have the following theorem : — The four circles are 
coorthogonal which are orthogonal to the four triads of circles^ S^iL? S^iM, S^±N. 
57. The plane of the great circle coaxal with J and the small circle S^—- L=0 is the 

polar plane of the point whose coordinates are ^, ^^ -^ (see art. 53) with respect to the 

cone S— -L^=0 ; and this is easily found to be the determinant 



X 



y 



z 



cos§' 5 
cos f 5 

COS |^^^5 



COS G(! , COS j3^ 5 cos y 5 



COS 0^^ 5 



// 



COS p' , COS Y^ 5 



C0SC6 



/// 



0. 



(61) 



cos/3^^'5 cosy^^^, 

Compare art. 13. . 

58. From the condition (art. 56) that four small circles on the sphere should be 
coorthogonal, it is easily inferred that the poles with respect to the sphere of the planes 
of these circles are complanar. Hence the planes of these small circles pass through a 
common point. Conversely, any four small circles on the sjphere are coorthogonal whose 
planes j^ass through a common point. 

Cor. The common point through which the planes of four coorthogonal circles pass is 
the pole with respect to the sphere of their common Jacobian. 

59. The orthogonal circle J, as will appear evident from the form of its equation (see 
art. 55, equation 59), has double contact with each of the four sphero-conics : 



cos^^l A , cos2 i B . cos^ C 
w tan § y tan g" z tan §"' 



0, ....... . (62) 



cos^iA _ sin^jB _ sin^iC 
w tan g' y tan g^' z tan q 



HI 



=0, . 



-sin^lA , cos^|B _ sin^jC ^q 
w tan g^ y tan g^' z tan g^^' 



sin^JA sin^ B , cos^|C 
— :// + 



w tan q^ y tan q^^ z tan q 



Iff 



0, . 



(63) 



(64) 



(65) 
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the four chords of contact being the four great ckcles 

^tanf'+ytang'^'±^tanf^''=:0. . (66) 

These great circles are the four axes of similitude of the three circles S^— L, S^— M, 
S^— N, and the four sphero-conics are the four director or focal conies of the four pairs 
of circles (regarded as sphero-quartics) which are tangential to the three circles S^— L, 
S^— M, S^— N. (See my memoir " On the Equations of Circles.") 

60. Each of the four sphero-conics (62) to (65) inscribed in J touches four other 
sphero-conics inscribed in J ; their equations are 

Ji= {X ta.n g^ cos (B±C)+y tan^ %' cos (C± A)+;^ tan f cos (A±B)^}. . (67) 

By means of these sphero-conics can be proved Dr. Haet's extension of Feuerbach's 
theorem, and the equations of Dr. Haet's circles can be found. (See my memoir " On 
the Equations of Circles.") 

61. We now return, after this long digression, to the sphero-quartic. 
Let us consider the function of the second degree, 

(a, ^;c,/,^, AJS^-L, S^--M, S^--N)^ (68) 

This will represent a sphero-quartic on the surface of the sphere U, or a quartic cone 
having its vertex at the centre of U, according as we interpret S^— L &c. as circles, or 
as single sheets of cones (see art. 44). Now the equation (68) is the envelope of 
A(S^-L)+i^(S*-M)4-<S^— N). If the condition be fulfilled, 

(A, B, C, F, G, HXx i^ vY=Q, (69) 

where A, B, &c. denote as usual hC'-f^^ ca—g^^ &c. ; but the circle 

x(S^-L)+/>t.(S^-M)+i;(S^-N)=0 

has the plane xL+i^M+^N^O perpendicular to its axis, that is, perpendicular to the 
radius of U passing through its centre, and in virtue of the condition (64) the envelope 
of the plane is the cone 

(«,J, c,/,^,AXL,M,N)^=0, (70) 

and therefore the locus of the centres of the generating circles of the sphero-quartic (68) 
is the sphero-conic, in which the cone reciprocal to (70) intersects the sphere U. 

62. If we regard the equation (68) as representing a quartic cone, we see that the locus 
of the axis of its generating right cone is a cone of the second degree, namely, the reci- 
procal of the cone (70), and its generating right cone cuts orthogonally another right 
cone, namely, the right cone which is orthogonal to the three cones S^— L, S*— M, S^— N ; 
the equation of the orthogonal cone is given, art. 51, equation (54). 

Got, If we suppose any plane to cut the quartic cone of this article, it will intersect it 
in a quartic curve having two double points ; it will also intersect the generating right 
cone in a conic, which will be the generating conic of the quartic curve ; and finally it 
will intersect the directing cone of the quartic cone in a conic, which will be the directing 
conic of the quartic curve. It was in this manner I was first led to the discovery of the 
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method of generating quartics having two finite double points, and the transition from 
that was easy to the discovery of the method of generating surfaces of the fourth degree 
having a conic for a double line (see Chapter 11., Section II. of this paper). 

63. Since the plane of each of the circles S^— L, S*— M, S^— N passes through the 
pole of the plane of the orthogonal circle J with respect to U, that is through the point 

/I H K\ 

( G' G' g) (^^^ ^^^' ^^)' ^* follows that the plane of the generating circle 

x(S^-L)+f6(S^--M)+<S^-N) 

passes through the same point, therefore the pole of the plane of the generating 
circle with respect to U lies in the plane lw+lIy+Kz=G; in other words, the pole 
of the generating circle is complanar with the poles of the planes of the circles of refer- 
ence, and therefore it describes a conic in space, namely, the conic in which the plane- 
I^+II^+K;^==G intersects the cone reciprocal to 

(a, 5, e,/, ^, A3[L, M, N)^=0. 

64. Since the planes of the circles S^— -L, S*— M, S^— N are respectively parallel to- 
the planes L, M, N, the envelope of the plane of the generating circle is a cone similar 
and similarly placed with the cone (a^ 5, c^ /, g^ AX^? M, N)^, and its vertex is at the 

point ^, ^, ^. Hence we are led to the known proposition, that a sjphero-quartic is the 

intersection of a sj^here and a cone of the second degree^ and therefore that it is the inter- 
section of a sj^here and a guadric. 

65. If the poles of the planes of the generating circles S^— L, &c. with respect to U 
be the centres of three spheres a, /3, y which cut the sphere U orthogonally, then a, /3, y 
will intersect U in the circles S^— L, S^— M, S^— N respectively, and the cyclide 

{a,h, c,fg,hX^,^,7f 
will intersect U in the sphero-quartic 

(^, h c,f g. ^,IS^-L, S^~M, S*~N)^ 

Hence we are led to the known theorem, that a sphero-quartic is the intersection of a 
s'^here and a cyclide, 

66. The results we have arrived at in this Chapter may be projectively extended to 
curves described on quadrics, in other words, the analytical proof is the same for this more 
general case as for the particular one we have examined. Thus, instead of a sphere U 
of radius unity, let us take a quadric S— K^ inscribed in S as the surface on which the 
curve is described. Now the quadric S— P intersects S— KMn two plane conies, and we 
may take the equations of these two conies to S^— L=0, and S*+L=0, precisely similar 
to the method we have given of representing small circles on the surface of a sphere. It 
is plain that the equations S*~-L, S^+L have another interpretation, namely, they repre- 
sent respectively the two parts into which the surface S—LMs divided by the plane 
L=0; so that on the surface of the quadric S— K^=:0 a plane conic is represented by 
an equation of the same form as that of a circle on the surface of a sphere. Again, if 
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we have two circles on the surface of a sphere, the condition that the pole with respect 
to the sphere of the plane of one may lie on the plane of the other is expressed by the 
invariant 1— -K^O. Hence it is evident that the same invariant relation will express 
for two conies on a quadric that the pole of the plane of each with respect to the qua- 
dric lies on the plane of the other; and as circles so related cut orthogonally, we shall 
extend the term as in art. 9, and say that two conies so related cut orthogonally. In 
fact the relation 1— E=0 may be called (see art. 9) the harmonic invariant of the qua- 
drics or conies whose equations are connected by it. 

67. It is evident from the last article that, being given four plane conies on a quadric, 
the condition that the four conies should be tangential to a fifth is the determinant 

, (12), (13), (14), 



(12), 


, (23), 


(24), 


(13), 


(23), , 


(34), 


(14), 


(24), (34), 


0, 



and in fact Dr. Salmon's direct proof of this theorem in case of conies on a plane will 
apply verhatim to the more general case here considered (see Salmon's ' Conies,' 6th 
edition, page 366). 

Cor, From the equation (71) we can find, as Dr. Salmon has done for conies on a plane, 
the equations of the pairs of conies which touch three conies on a quadric; the equa- 
tion is 

^/(23)(S^«I^±^/(31)(S^---NJ±^/(12)(S^~N)=0; .... (72) 

or this equation may be inferred also from art. 59. 

68. If we are given any three conies, S^— L, S^— M, S^— N, on the surface of a qua- 
dric, we get, precisely the same as in art. 51, the equation of the conic J which cuts 
them orthogonally. And so in general, being given any homogeneous function of the 
second degree {a^ J, {?,/, ^, A3(S^— L, S^— M, S^— N), we see that it represents a twisted 
quartic of the first family, and that all the properties of sphero-quartics may be applied 
projectively to it (see observations, art. 26). 

CHAPTEE Y.— INYEESION ANB CENTRES OF INYEESION. 

^^^Tio^l.-Cy elides. 

69. If C5, j3, P be any three spheres, ^i, \^ \ their diameters, DE, FG common 
tangents to e^, Pj ; jS, P respectively ; then if the system be inverted from any arbitrary 
point, and denoting the inverse system by the same letters accented, we have (see Sal- 
mon's ' Conies,' fifth edition, page 114), 

DE2 1^__D^ FG^ 

Now this result holds whatever be the magnitude of P ; it will be true in the limit when 
P reduces to a point, in which case DE^, FG^ become the result of substituting the 
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coordinates of P in the equations of the spheres a, /3 respectively. Hence we have the 
following theorem : — 

The results of substituting the coordinates of any point P in the equations of two 
spheres^ divided respectively by the diameters of those spheres^ have a ratio which is unaU 
tered by inversion, 

70. The general equation of any cyclide, 

W=(a, b, c, d, I, m, n, p, q, r.Xcc, /3, y, ^,y=0, 
may be written in the form 

W=(al',, bll, ell dll BX ^Ui^ nW,plX^ qW, rWXw^ 1^ F' r)'^^^ 

Oj 0^ O3 O4 

and by the last article the six ratios ^ : -^ : -^ : 5.- 'remain unaltered by inversion. 

bi bg b<^ 64 

Hence, denoting the inverses by the same letters accented, the cyclide W will be inverted 
into a cyclide W^ given by the equation 



^-Ki)'KI)'<l)"<&"'(S3)'-(i)-(i 






^W'm'<v>''^''^'''^'='- 



. . . . (74) 



71. We have shown that the equation of any cyclide may be written in the form 

aa''+b(i'+cf+dl'+es^=0 (see art. 32), 

where c*^^+^^4-y^+S^+s^=0 is an identical relation. I shall call this form of the equa- 
tion of a cyclide the canonical form ; and we see by the last article that the equation of 
the inverse of a cyclide given by its canonical form is also in its canonical form. 

Cor. If the cyclide be of the form aa^+bfi^+cy^=0^ the inverse cyclide will be of the 
same form, that is, the inverse of a binodal cyclide is a binodal cyclide. 

72. The five spheres a, /3, y, h, b of the canonical form are mutually orthogonal; and 
if we take the centre of a, for a centre of inversion, and a for the sphere of inversion, 
each of the five spheres will be inverted into itself. Hence the centre of 05 is a centre 
of self-inversion of th*e cyclide. Similarly the centres of the spheres j3, y, S, e are centres 
of self-inversion. Hence we have the following theorem : — A cyclide is an anallagmatic 
surface, and the centres of the five spheres of the canonical form are its five centres of 

inversion. 

73. We can confirm some of the foregoing results by Cartesian methods. Thus let 
the spheres of reference w, /3, y, I be expressed in rectangular coordinates, and putting 
s for the sum of the coefiicients a, b, c, &c., we get 

W^<^-^+2/^+;^7+Ui(^^'+/+^')+U2=0, (75) 

where Ui and U2 are the general equations of the first and the second degree. Now 
transforming into polar coordinates by putting 

^zzzgCOsS, 2/~?C0S<p, ^zzrgCOS'vl^, 
MDCCCLXXI. 4 Q 
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where 

and then inverting by putting ^=-7, and changing back again to Cartesian coordinates, 

we evidently get an equation of the same form, which proves that the inverse of a 
cyclide is a cyclide. 

74. If the absolute term in the equation (75) vanishes, it is evident that the coefficient 
of (x^-^y^-^z^y in the inverse surface vanishes; in other words, the inverse surface will 
be a cubic cyclide, that is, a cubic surface passing through the imaginary circle at infi- 
nity. The section of this cyclide by any plane will be a circular cubic, and its focal 
quadric will be a paraboloid. Hence the inverse of a cyclide from any ^oint on the 
cyclide will be a cubic cyclide. This corresponds to the theorem that the inverse of a 
bicircular quartic from any point on the quartic itself will be a circuilar cubic. 

75. If 5=0 in the general equation (75), that coefficient vanishes in the inverse 
surface, that is, the inverse surface will want the absolute term, Hence if we invert a 
cubic cyclide from any point not on the cubic itself the inverse surface will be a quartic 
cyclide passing through the origin. 

76. If in the general equation (75) not only s vanish, but also the coefficients of ^,y, z 
in Uj each separately vanish, that equation will represent a quadric, and the centre we 
invert from will be a node on the inverse surface. Eence the inverse of a quadric will 
be a cyclide having the origin or centre of inversion as a node. 

The species of the node will depend on that of the quadric which is inverted, 
l"*. If the quadric inverted be central, let its equation be 

{w^af (y^Vf (,^ef 

L "^ M "*" N "--^ — ^• 

If this be inverted by the process of art. 73, we get 

i+n+i-^y'^'+f+'''y-'^^'(^i+t-^'^^^^ (76) 

rp'i niZ «-& 

Hence the node has the cone l+I^+i^^/^^ ^^ tangent cone^ that is^ the node is a conic 

node ; the cone will evidently be real or imaginary according as the quadric inverted is an 
hyperboloid or ellipsoid. 

2^. Let the quadric inverted be non-central; let its equation be (see Salmon's ' Geo- 
metry of Three Dimensions ') 

(2^'^4:%^+2jp^+20+2r^+^=O. 
The process of art. 73 gives for the inverse surface 

J€Xax^±J)y'')+W{pw+qy+rz){x^'\'y'^'^z^)+d{w'^ . . (77) 

Hence the tangent cone at the node reduces to the pair of planes >^^^+ 5/= 0, and the 
pair of planes will be imaginary or real according as the quadric inverted represents an 
elliptic or a hyperbolic paraboloid. 
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This species of node is called by Professor Cayley ^iinode (see his " Cubic Surfaces" 
in the Philosophical Transactions for 1869, p. 231). 

3^ If 5=0 in the equation of a non-central surface the two planes become coincident, 
that is, the quadric cone becomes a coincident plane pair. Professor Cayley calls 
this species of node a unode. Hence the inverse of a paraholic cylinder is a unodal 
cyclide. 

77. If we invert a binodal cyclide, ^c^^ + 5(3^+^y% from one of the points common 
to the spheres of reference a^ j3, y, the spheres a, /3, y will be inverted into three planes, 
and therefore the inverse of a Unodal cyclide from one of the nodes will he a cone of the 
second degree. Conversely, the inverse of a cone of the second degree will he a hinodal 
cyclide. 

This conclusion may also be inferred otherwise; for as in 1"*, art. 76, the inverse of 
the cone 



h + M ■+" N —^ 



is the cyclide 



and it is evident from the form of this equation that the origin is a conic node. Again, 
if we transfer the origin to the point <^, J, <?, it will be seen that the new origin is a conic 
node. Hence the inverse of a cone has two conic nodes. 

Cor. If we invert a quadric from anoint on the quadric we get a cubic cyclide. 

78. If one of the spheres of inversion touch one of the focal quadrics of the cyclide at 
one point, the focal quadric and the sphere of inversion can be expressed by the two 
tangential equations 

a'K'+V[/.^+c^p^+2n'p^=0.} ;••••• ^ •( J 

See Cayley " On Developable Surfaces of the Second Order," Cambridge and Dublin 
Mathematical Journal, vol. v. p. 51. 

Hence it follows that the equation of the cyclide and the square of its sphere of 
inversion IJ are given by the equations 

aoc^ +5/3^ +oy^ -{-2nyh =.Q^^ 
aV4-J'/3^+(?y+2^V^=0,J 

where a, jS are spheres of inversion of the cyclide, y a point sphere, which is a centre of 
inversion of the cyclide in the sense that it is the centre of a circle which inverts the 
cyclide into a quadric. Hence in this case there mefoicr centres of inversion, namely, 
the centre of TJ and the centres of ot, /S, and the point sphere y. 

The spheres of inversion are, 1% the sphere which inverts the quadric into a cyclide; 
2°, the inverses of the princip>al planes of the quadric. 

The quadric must be either an ellipsoid or a hyperboloid ; and the cyclide, which is its 

4q2 



(80) 



622 DE. J. CASEY OlST CYCLIDES AND SPHEEO-QIJAETICS. 

inverse, will have the point of contact of the two surfaces (79) for a node. It is plain 
this cyclide is the pedal of a quadric. Fresnel's surface of elasticity is an example. 

The generating spheres will be, l"", the inverses of the three systems of spheres whose 
centres are in the principal planes of the quadric, and which have double contact with 
it ; 2"", the inverses of the tangent planes of the quadric. 

There will be four focal quadrics, namely, the loci of the four systems of generating 
spheres. 

79. If one of the spheres of inversion osculate the focal quadric, the tangential 
equation of the focal quadric and sphere of inversion can be expressed by the system 

Z(X^_2p)+m(/.^-2..)=:0,| 

Z^(X^-2p) + mV-2vf)=0i ' 

(see Cayley, supra). 

Hence the cyclide and the square of the sphere U may be expressed by the system of 

equations 

/(«^-2Sy)+m(,S^-2yS)=0,| 

where j3 is a sphere of inversion, y a point sphere, which is a centre of inversion in the 
sense that it is the centre of a sphere which inverts the cyclide into a paraboloid. 
Hence in this case there are only three centres of inversion, namely, the centre of U, 
the centre of jS, and the point sphere y=:0. 

The three spheres of inversion are U, /3, and the sphere whose centre is 7, which 
inverts the paraboloid into a cyclide. The spheres U and j3 are the inverses of the two 
planes of reflection of the paraboloid. 

The generating spheres will be, l"", the inverses of the two systems of spheres whose 
centres are in the two planes of reflection, and which have double contact with the 
paraboloid ; 2'', the inverses of the tangent planes of the paraboloid. 

There will be three focal quadrics, namely, the loci of the centres of the three systems 
of generating spheres. 

80. The binodal cyclide aa^ + 5)3^ +(:?y^==0 will have, besides the centres of the spheres 
ce, 3, 7, which are centres of inversion, an infinite number of centres of inversion lying 
on the line joining the two nodes. 

This is the species of cyclide that is generated when the sphere of inversion U has 
double contact with the focal quadric F ; each point of contact will plainly be a node of 
the cyclide ; and since the surface is the inverse of a cone, there will be, as in the case of 
cyclides which are the inverses of hyperboloids, four systems of generating spheres*. 

* [In writing this memoir T omitted trinodal and qnadrinodal cyclides. My attention was directed to this 
omission by Professor Caxlet. This omission was the less excusable^ inasmuch as qnadrinodal cyclides were 
the only surfaces to which the name cyclide was applied, until M. Darbotix extended the term (see ^ Comptes 
Bendus/ June 7, 1869). The existence of trinodal cyclides was first proved by Professor Cayley in the Quar- 
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SECTioisr II. — SjjJierO'quarties. 

81. The theory of the centres of inversion of sphero-quartics is in a great measure 
identical with that of cy elides. Thus the analogue of the fundamental theorem (art. 69) 
is the following. If cc, jS, P be any three small circles on a sphere U, r,, r^, r^ their 
radii, t^ f^ the common tangents of a, P ; jS, P respectively ; then, if this system be 
inverted from any arbitrary origin on U, by the formula 

tan Jf tan^f'=constant, (83) 

g, g^ being arcs drawn from the origin to a point and its inverse, we get, as in art. 69, 



lanrj iMir^ tanr^ tan/ 



2 



terly Journal, vol. x. p. 34, vol. xi. p. 15. The properties of quadrinodal cyclides were first studied by Dupin". 
The principal ones will be contained in the following propositions, considered from my point of view. 

I. If a quadric of revolution be inverted with respect to any point, the inverse surface will be a trinodal 
cy elide. 

Demonstration, Let S be the quadric, L a plane of circular section, P the centre of inversion, then the sphere 
"W, which passes through P and through the circle of intersection of S and L, will intersect S in another circle 
M, and will pass through a circle having OP as radius (0 being the point in which a plane through P parallel 
to L and M is intersected by the axis of revolution of S). l^ow if we invert from P, the sphere "W will invert 
into a plane Y, the circles of intersection of L and M with S will invert into circles Q, R in the plane Y, and 
the fixed circle having OP as radius will invert into the radical axis of Q, and E, and the points in which Q, 
and E meet this radical axis will be nodes of the cyclide into which S inverts ; the point P will be a third node. 
Hence the proposition is proved. 

Cor. 1. If the quadric of revolution be a cone, the inverse of its vertex will be a node of the cyclide. Hence 
the inverse of a cone of revolution ivill he a quadrinodal cyclide. 

Cor. 2. Since a cone of revolution is the envelope of a variable sphere which touches three planes, we infer 
by inversion tJiat a quadrinodal cyclide is the envelope of a variable sphere which touches three fixed spheres. 

If in this mode of generation the points common to the three spheres be real, two of the four nodes of the 
cyclide will be real and two imaginary. 

If the points common to the three spheres be imaginary, the four nodes of the cyclide wiU be imaginary. In 
this case it is evident the three spheres may be inverted into three spheres whose centres are coUinear ; now the 
envelope of a variable sphere which touches three spheres whose centres are coUinear is evidently a ring formed 
by the revolution of a circle round an axis in its plane. Hence the inverse of such a ring is a quadrinodal cyclide 
whose four nodes are imaginary ; in fact, a ring formed by the revolution of a circle round an axis in its plane 
is a quadrinodal cyclide which has two imaginary nodes at infinity. 

II. The envelope of the sphere 

(a?~-a)2+(^-/3)H(--«0'=m2{(a~c)2+/32)}, 
which cuts orthogonally the plane 2;= a, will, if a, /3 vary, be a cone of revolution, that is the envelope of 

^' + 2/' + 2J' - 2(aa7 + /3y + az) + (1 - m^a.^ + |S") + 'Zmha. -f- a^ - mV= ; 

or, putting for a moment 

(1 -.m2)(a' + /32) 4- Sm^ca + a^ - mV= O, 
the envelope of 

x^-\-y^-^z'~-2{oLW-^r^y-\-az)-\-a=.0 

is a cone of revolution. ISTow the sphere inverse to 

^H 2/^ + is' - 2(aa7 + /3y + as) + a 
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Now, reasoning as in art. 69, if P become a point, since sin^|i^= (see art. 36), we 

have the following theorem : — 

The results of suhstituting the spherical coordinates of any j^oint P on the surface of a 
sphere U in the equations of two small circles on XJ, divided respectively by the sines of the 
radii of these circles^ have a ratio which is unaltered hy inversion. 

From this theorem it follows, as in art. 70, \i'W^{a^ 5, c^ d^ /, m, n, p, q^ rjjy, j3, y, S)^=0, 
where ot, jS, y, I are small circles on U, be the equation of any sphero-quartic, that the 

will evidently cut orthogonally the sphere inverse to the plane z^^^a^ that is, the sphere 

2 1 

kl kit 

will cut orthogonally the sphere ^2_|_^2_|_^2-__^ 

and its envelope will be the inverse of the before-mentioned cone of revolution. 
Let the coordinates of the centre of 

aP+y^^-z^-~{aoo^-^y^az)-{- 1 be X, Y, Z, 

hence 

G^=OX, /3=^Y, a=QZ ; 

__aX n_<^Y 

Hence, restoring the value of O, we get 

a={(l-m2)(aHiS0 + 2m2oa+a2--mV}X; 

and substituting the values of a and /3 we get 

(1 - m2)aXX2 + Y^) + (a^ - m V)Z2 + 2m2mXZ - aZ = 0, 

or, say, v = ^ ^ ^^^ therefore the qitadrinodal cydicle, which is the inverse of the before-mentioned cone of revolution, 
23 the envelope of a variable sphere whose centre moves on the quadric v = 0, and luhich cuts orthogonally the sjpihere 

w^-\-y'^-\-z^=i~, 

III. The plane Z = touches v=0 at an umbilic -, and it is also a tangent plane to the sphere x'^-\-y'^-\-z^=~; 

a 

and the centre of the sphere is on one of the principal axes of v- Hence it touches v at another umbilic; but 
if a sphere touch a quadric at two umbilics, it touches at two others. Hence we have the following theorem : — ■ 
A quadrinodal cy elide is the envelope of a variable sphere whose centre moves on a given quadric, and which cuts 
orthogo7ially a sphere which touches the quadric at four umbilics. 

Cor. We can get from the canonical form of the equation of the cyclide in terms of its five spheres of inver- 
sion the condition for four nodes. Thus, let the cyclide be 

aa^+b^'-^cy^-{d^'-{-eB^^O, 

we have 

^2 ^ ^2 _|_ ^2 ^ ^2 _|_ g2 ^ Q identically. 

l^ow if two of the coefficients a, b, c, d, e be equal to one another, for instance d and e, we get for the focal 
quadrics three quadrics and one conic, which must be a focal conic of the three focal quadrics. The cyclide 
will therefore in this case have two nodes. 

If two distinct pairs of the five quantities a, b, c, d, e be equal, such as &=^, c^ = ^, then we get for the focal 
quadrics one quadric and two conies, and the cycUde wiU have four nodes. 

lY. If ^-|-?(_-|-^ — 1 = be an ellipsoid, then the sphere ( ^ — ~ J ~{~y^-\~z^==(-^] touches it at four um- 
a^ b^ c^ \ (^ J \^ J 
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equation of the inverse sphero-quartic will be of the same form; and in particular if the 
sphero-quartic be of the £oTm acc^ + b^^+cy^-^dl^=0^ the inverse sphero-qnartic will be 
of the same form. 

82. We have seen that the general equation of a sphero-quartic can be written in the 
form 

where a^+^^+y^4-^^=0 is an identical relation, and the circles are mutually orthogonaL 
This is also evident otherwise; for the given form contains fifteen constants, namely. 



bilics if ¥=:a^—¥, ic^z=za?—c^ ; two of the iimbilics of contact are ia tlie plane of Qcz) and are real, and two in 
the plane (psy) and are imaginary. Few to find the equation of the cyclide that will have the ellipsoid and 
sphere for focal quadric and sphere of inversion, that is, for E and J ; the perpendicular let fall from the centre 

. ._, ^ ■ ^ Jif/' cos ff 

of J on any tangent plane to E is evidently equal to -v a^cos^a+^^Gos^^-fc^cos^y—^ ; but if be the 

centre of J and T the foot of the perpendicular on the tangent plane, and if the points P, P' be taken so that 

OT^— TP^=OT^— TP^2=f —J , thenP, F are points on the cyclide ; and denoting OP by^ and OTbyj?, we get 

or, 

f /__ ■ ^-__^^ JikcoBa) Pc^ 

2< Va^cos^iX+o cos'-p + rcos^y-- 2 — ff=T + f • 

Hence, since cos a, cos |3, cos y are the direction cosines of OP or p, we get the equation of the cyclide 

2 V a V + Ify'^ + cV= ^^ + ^^ + 2;^ H + —j-) 

or, denoting the second side of the equation by 0, 4(aV+5^3^^+cV)=C^, 
Y, If in the equation 4(aV+5y + cV)=C^, we put y=0, z=0, we get 



( 2 , 2hlcoG , 6V ,0 A/ ^ , ^likoG , ¥c^ o N a 
\ a a^ /\ a a^ J 



and the four values of cs in this equation being denoted by ^j, ^%, ^3, w., we get .i?j+%+^«+a?4===-~_^^ 

a 

Hence it follows that the centre of the ellipsoid — -4.4-4- -_=1 is the centre of the cyclide. The values of 

a^ 0^ c^ 

cc„ x„ X,, X, are easily seen to be given by the equations 

, T T life 7,7 7il<^ 

^ a ^ a 

t 7 I 7 "'"' 7 7 "'"' 

a ^ a 

Hence if we had taken the centre of E for origin of coordinates in the equation of the cyclide, the four values 
of ^ would be given by the system of four equations, i^i^^i^^^^* 

YI. The equation of the cyclide referred to the centre of E as origin is given by the following symmetrical 
equation : 

The sections by the planes ^=0, z=0 are evidently the two pairs of circles 

{x+'hf+y^={a-\'lcf, (cc^hf+y^=(a-Jcf | 
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three explicitly and twelve implicitly, each of the circles a, /3, y, ^ containing three ; but 
six equations of condition are implied by the fact of the four circles being mutually 
orthogonal, and the identical relation os^+/3^+y^+^^=0 (fo^ constants are incorporated) 
is equivalent to one condition. Hence the given form contains eight independent 
constants ; and this is the number which determines a sphero-quartic. 

83. Since the circle w is orthogonal to the circles jS, y, S, if we take either of the points 
in which a diameter of U perpendicular to the plane of a, called the polar line of a (see 
Salmon's ^ Geometry of Three Dimensions,' art. 358), cuts U, and tan^ of half the cor- 



and the centres of these two pairs of circles are tlie foci respectiyely of the sections of the ellipsoid in whose 
planes they lie ; also the radical axis of each pair is the line joining the pair of umbilics which lies in its plane. 
YII. In the equation of the cyclide given in the last article, if we put y=0, z—^, we get 

and the four roots being denoted as before by x^, x^, .r^, x^y we see, by the system of values given in article Y., 
that a^i It?, F are the roots of Euler's reducing cubic for this quartic in x ; and if we denote by X, /x, v the 
roots of Simpson's reducing cubic for the same quartic, we get 

Hence by these values we can write the equation of the quadrinodal cyclide in the following form, due to Pro- 
fessor Catlet, who arrived at it by a mode of investigation altogether different from that used here : 

{y^-\-z^f'^2x\y'^-\-z^)'\-lxy^-\'Vz\x~~'X^{x--x^{x-—x,^{x-—x^=0, 

YIII. The centre of similitude of the first pair of circles of article YI., that is, of the pair of circles 

{x-\-lcyJr^^=.{a-\-'h)\ (^^^hy+z''=(a-hy, 

(ah \ ' 

--, |, that is, the middle point of the line joining two 

umbilics of F ; or, in other words, the middle point of the line joining two nodes of the cyclide, and the centre 
of similitude of the other pair of circles, is the middle point of the line joining the other pair of nodes. 

IX. The equation of the cyclide of article lY., that is, 4(aV-f-^y + cV)— C^r=0, is the envelope of the 
quadric aV-f-jy +c%^+/AC+/i^=0, or, by restoring the value of C, of the quadric 

ct cc 

and the condition that this should represent a cone is given by the equation 

This equation is satisfied by four values of fx, showing there are four cones, each having double contact with the 
cyclide; and the vertex of each cone is a centre of inversion. I^ow one value of fi is evidently —•¥, and the 
corresponding cone is 

cc \ ct J 

and when this is transferred to the centre of F as origin, it becomes 

(hx^aJcy---(Jc^-¥)z^=:0, 

which represents a pair of planes whose line of intersection passes through a pair of umbilics of F ; any point 
on this line may therefore be called a centre of inversion of the cyclide, that is, any point on the line joining a 
corresponding pair of nodes of the cyclide is a centre of inversion of the cyclide. In like manner, from the root 



,2 
2' 
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responding radius as the constant of inversion (see equation 83), then in this case each 
of the four circles c^, /S, y, ^ will be inverted into itself. Hence we have the following 
theorem : — 

JEvery sphero-guartic has in general four circles and eight centres or poles of inversion. 

84. If we are given a focal sphero-conic F of the sphero-quartic and its corresponding 
circle of inversion (z, the remaining circles and centres of inversion may be constructed 
as follows. Through the four points in which cs cuts F draw three pairs of great circles, 
each pair will intersect in two points diametrically opposite ; the six points thus deter- 



z 



Yt= — c^, ifc can be shown tliat the line joining the other pair of nodes is such that any point of it is a centre of 
inversion ; and from the two remaining roots the two other centres of inversion can be fonnd. 

X. If E ^^^ + ^ — ~=0 be an elliptic paraboloid, and J the sphere which touches it at the umbilics, then 
we find, as in article lY., the equation of the cubic cyclide with four nodes to be 

The section of this surface by the plane xz consists of a line passing through the two nodes, and a circle whose 
centre is the focus of the section of the paraboloid by the same plane ; and the section in like manner by the 
plane yz consists of the line joining the two other nodes, and a circle whose centre is the focus of the parabola, 
which is the section of the paraboloid by the plane yz. 

XI. The sections of the surface by the planes xz and yz are lines of curvature of the surface. 
Bomonstration, The section by the plane scz is such that the centres of the generating spheres which touch 

the cyclide along it lie on the section of the paraboloid made by the plane of xz; hence, taking any two con- 
secutive points on the section, it is evident that the normals at these points will lie in the plane of the section, 
since they pass through the centres of the generating spheres. Hence they intersect, and the proposition is 
proved. 

We can verify this analytically; for the differential equation of the lines of curvature of any surface (see 
Salmon's ^ Geometry of Three Dimensions,' p. 234) is 

dz , 

0; 



Cvft-v « 


dy , 


dz , 


L , 


M, 


.^ , 


cZL, 


dM, 


dii. 



and it is easy to see that this is satisfied by the equations ci;=C /^j-j- — j and 3/=C^ / ^4-_ j combined with 

the equation of the surface, C, C^ being any constants. Hence any jplcine passing through a line joining either 

of the pairs of nodes will he a line of curvature, 

XII. The inverse of a line of curvature on any surface is a line of curvature on the inverse surface. This is 

easily inferred from Salmon's ^ Geometry of Three Dimensions,' articles 294, 479. 'Now, since trinodal and 

quadrinodal cyclides are the inverses of quadrics of revolution, we easily infer the following theorems : — 
1^. Any section of a quadrinodal surface through two nodes, either both real or both imaginary, will consist of 

two circles, which will he lilies of curvature. 

2°. A section of a cubic cyclide through two nodes will consist of a line and a circle, which luill be lines of curvature, 
3°. If through any point P on a trinodal or quadrinodal cyclide we draw tiuo planes passing through the nodal 

axes, the circles which are the sections at P intersect orthogonally, 

4^. Every line of curvature on a trinodal or quadrinodal cyclide consists of two circles, or a line and a circle, 
5°, The locus of the generating spheres which touch a trinodal or quadrinodal cyclide at all the points of a line 

of curvature is a plane conic on the corresponding focal quadric. — January 1872.] 

MDCOCLXXI. 4 B 
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mlBed, together with the poles of 05, will be the eight centres of inyersion, and the three 
circles cutting oc orthogonally, and having the first three pairs of points as poles, will be 
the circles of inversion. 

85. If two of the points coincide in which 05 cnts F, there will be then only six centres 
and three circles of inversion; but since the coincident circles whose centres are the 
point of contact of m and F reduce to a point, that point will not be a centre of inversion 
in the ordinary sense, that is, the centre of a circle which inverts the sphero-quartic into 
itself, but it will be the centre of a circle which inverts the sphero-quartic into a sphero- 
conic. Hence in this case there are only four ordinary centres of inversion. 

If three of the points coincide, there will be then only two ordinary centres of inver- 
sion, namely, the poles of m ; but the point of osculation and the point diametrically 
opposite to it will be the poles of a circle, which inverts the quartic into a sphero-conic, 
and 05 will be the ordinary circle of inversion. 

86. The following proposition is not difficult to be proved. 

If g be the radius vector from any origin on the surface of U to a sphero-conic and, 
measured in the same direction from the same origin, an arc ^ be determined by the 
condition that 

2 tan -1 1^^=: tan "If, . (85) 

the locus of the extremity of g' is a sphero-quartic. 

87. Besides the method of inversion hitherto used in this section, namely by the equa- 
tion (83), by which any curve on the surface of a sphere is inverted into another curve 
on the surface of the same sphere, there is another, the more ordinary method, by which 
it can be inverted into a curve on the surface of another sphere or on a plane. Thus a 
sphero-quartic being the intersection of a cy elide W and a sphere U, and since if both 
be inverted from any point in space they invert into surfaces of the same kind, we see 
that a sphero-quartic inverts into another sphero-quartic, or into a bicircular quartic, if 
the arbitrary point be taken on the surface of U. 

88. Since a sphero-quartic is the intersection of a sphere and a quadric, four cones 
can be described through it ; then it is plain that the vertices of these four cones are four 
points in space, which are centres of self4nversion of the quartic, that is, the quartic is 
an anallagmatic curve, and it has four centres of self-inversion. 

89. Let us consider the sphero-quartic WU, where W is the cy elide aoc^ + hf + c?/ + dS", 
and U its sphere of inversion given by the equation U^=c^^+^^+y^+^^=0, then the 
centres of cj, /3, y, I are the four vertices of the four cones through WU, that is, they are 
the four centres of inversion. Hence we have the following theorem :- — If 

he a cy elide given in its canonical form^ then the s^hero-qnartic^ which is the intersection 
of W and any of its sj^heres of inversion^ has the centres of the four remaining spheres as 
centres of inversion. 

90. If the arbitrary point we invert from be any point on the sphero-quartic WU 
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itself, then W and U invert respectively into a cubic cyclide and a plane, and hence 
the sphero-quartic inverts into a circular cubic. Hence if a s^Jiero-quartic he inverted 
from any point on itself it inverts into a circular ciibic ; and conversely^ if a circular ciibic 
he inverted from any arbitrary ]point in space ^ we get a sphero-guartic passing through the 
centre of inversion, 

91. If W:^ac^^+^/3^ + c?y' + dS^=0, and U^^cj^+zS^ + ^+^^zzzO, and we eliminate a^ 
between W and U'-^, we get the cyclide {h — a)^'^ -^{c— ay/ -{-{d— a)h^=-^ passing through 
the sphero-quartic WU. But the cyclide (5— a)j3^-r(c?— (z)y'^ + (d!— a)S^~0 is the enve- 
lope of a variable sphere whose centre moves on a conic ; and inverting the curve WU 
from any arbitrary point on U, we get a bicircular quartic, whose generating circles will 
be the inverses of the circles in which the generating spheres of 

intersect U, and the centres of the generating circles of the bicircular will be the points 
in which the lines from the origin to the centres of the generating spheres of 

{h-a)^^ + {C'-a)f+{d-a)l'=^{) 

pierce the plane into which the sphere U inverts. Now the locus of the centres of the 
generating spheres of (5— a)|8^-h(<?— <^)y^ + (^— -^j^^^O is one of the double lines of the 
developable formed by tangent planes to U along the sphero-quartic WU (see art. 42). 
Hence we infer the following theorem :— 

If a sphero-quartic WJ] he inverted into a hicircular quartic^ the four cones having the 
point we invert from as a common vertex^ and whose hases are the doulle lines of the deve- 
lopdble % formed hy tangent planes to U along the sphero-quartic WU, will fierce the 
plane of the hicircular in four conies^ which will he the focal conies of the hicircular, 

92. If Z be a circle on U which osculates WU, then it is evident that the pole of the 
plane of Z with respect to U is a point on the cuspidal edge of 2 (see last article). 
Again, when we invert (WU) into a bicircular, Z will invert into an osculating circle of 
the bicircular. Hence we have the following theorem : — 

If we invert a sphero-quartic into a hicircular^ the evolute of the hicircular is the curve in 
which its plane is intersected hy the cone whose vertex is the origin of inversion^ and whose 
hase is the cuspidal edge of the developable formed hy tangent planes to U alongYs^JJ, 

93. We give in this and the following article some important properties of bicircular 
quartics, which follow at once from the pi^operties we have demonstrated for sphero- 
quartics. 

Since a sphero-quartic WU is the intersection of W and U, and WU is given by the 
general equation 

WU^-(a, J, c, J, Z, m, n^p^ q^ r^a^ j3, y, ^)^=:0, 

where a, |S, y, ^ are circles on U, and U^ is given by the equation (29), art. 28, hence, 
when we invert U into a plane ^ the curve WU will he inverted into a hicircular whose 
equation is (a, h^ c?, d^ Z, m, n^ p^ q^ r)[a, |3, y, S)^=:0, and the following relation will he 
an identical one on the plane into vjhich U inverts: — 

4r2 
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-1, 


COS (oijS), 


cos («y), 


COS (aS), 


K-hr' , 


COS ((3cc)y 


-1, 


cos (^y), 


COS (/3S), 


i3 :r". 


COS (705)5 


cos(y0), 


-1, 


cos (y^). 


y-i-r'". 


COS (§a) 5 


cos (5(3) , 


cos (Sy), 


-1, 


g . y////^ 


CiJ-f-f^ 


/3 : r", 


y^'", 


I : r"",. 


0, 



=0. . . 



(86) 



(87) 



It hence follows that every bicircular can be expressed in the form aa^ +5j3^+(?y^+ dh'^=0^ 
where gj, jS, y, ^ are four circles mutually orthogonal, and that for this system of circles 
the relation is an identical one, c«^-|-j3^-|-y^+^^=0, 

94. From the last article we see that the same bicircular can be written in the four 
following forms : 

{b-c)f+(h'-d)l'+{b'-a)a\ 

{c -d)l'+{c'- ay +(c-I} )(5\ 

and that consequently the tangential equations of the four focal conies of the quartic 
are given by the equations 

{d-a)X'+{d-hy + (d--cy =0,^ 

{a-I}y+(a-cy +{a--d)f =0, 

(jb—cy +(5-6?)g2 j^(^d-ay=^, 

{c - dy + ((? - a)7^ +(c-^by = 0. j 



K 



(88) 



CHAPTEE YI. 

Projection of SpJiero-quartics, 

95. If a s^hero-qiiartic be projected on one of the jplanes of a circular section of any 
quadric passing through it by lines parallel to the greatest or least aocis of the quadric^ 
the projection ivill be abicircular quartic whose centres of inversion will be the projections 
of the centres of inversion of the sphero-quartic. 

Demonstration, Let U be the sphere given by the equation U^=-=^(o5^+/3^+y^+S^)=05 
and V the quadric which intersects U in the sphero-quartic, then the centres of a, j3, y, S 
will be the vertices of the four cones which can be drawn through the sphero-quartic, 
that is they will be its centres of inversion. Let Pio-. 3, 

KPP^ be an edge of the cone passing through two -^'^ 

points of the quartic, K being the centre of a] then, 
since a is a sphere of inversion of the quartic, the 
rectangle KP KP^ is constant. Hence if O be the 
centre of the quadric V, the radius vector OE of the 
quadric parallel to KP^ is constant ; therefore the ^ 
locus of R is a sphero-conic : and if the point R^ 
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"be the projection of R on the plane of drcular section, the locus of Rj is a circle ; there- 
fore OR bears a constant ratio to its projection. Now let the projections of K, P, P^ 
by lines parallel to the greatest or least axis be Kj, Pi, Pj, and it is evident that we have 
the proportion 

KP . KF : KiP, . K^P; : : OR^ : 0,Rl. (89) 

Hence the rectangle KiPi . K^PI is constant, and Ki is a centre of inversion of the pro- 
jection. The projection is therefore an anallagmatic curve, and being evidently of the 
fourth degree is a bicircular quartic. Hence the proposition is proved. 

96. On account of the importance of the proposition of the preceding article, we give 
another proof by forming the equation of the projection in Cartesian coordinates. 

Let U and V be given by the Cartesian equations 

and changing the planes of reference to xy^ ocz^ and one of the planes of circu.lar section, 
we get, if 6 denote the angle made by the plane of xy with the plane of circular section, 

Us(^-^)^+(y-i3)' + (^-y)'+2(^-aX^-y)cos^-r^=0, 



v^(^±^T+(f) +(^) -i==o. 



If we eliminate x between these equations, we get the projection of the curve UV on the 
plane of circular section ; this elimination is most easily performed by the following sub- 
stitution, namely. 



aHl-'-r,- 



y^ z^ sin^ S 



)=s, 



^'•-"(2^-i3)'-(^-r)'sin^^=S^ 
(c^ + ycos^)'=:S^ 

and we have at once the equation 

^/S-^/S^^-^/S^'=0, 

or, cleared of radicals, 

(S-S7+S''(S'^-2S-2SO=0 ....... (90) 

as the required projection ; and substituting the value of sin^ 9, viz. f ~-^rz^ )\W) ^^ S — S', 
we get 

which, equated to zero, represents a circle. Hence the proposition is proved. 

Cor. ^j^^^~[-^^Ji^^^f+-^^zz^z^-^^,:::^y-^z:^z+-~^~^-~^ - +«-§:r^,|. 
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Hence the equation of the projection written in full, after replacing z by x, is 









y 



91 









97. The elliptic jprojection of a splwro-qtiartie is a Ucireidar qtiartic. 

Definition. If through any point P on a quadric we describe two confocals, and if P' 
Ibe the point where the line of curvature common to the two confocals drawn through P 
intersects the plane oi xy^ Y is what 1 call the elliptic projection of P. 

If X, Y be the coordinates of the elliptic projection of a point on the sphero-quartic, 
w^ y the coordinates of the projection of the same on either plane of circular section by- 
lines parallel to the greatest axis, then, by Salmoist's ' Geometry of Three Dimensions/ 

art. 180, 

^^ : X^ : : ^^ : Y^ : : ¥--0^ : If. 

Hence the locus of the point whose coordinates are X, Y is similar to the locus of the 
point whose coordinates are ^, y. Hence the proposition is proved. 

98. The four spheres a, /3, y, S intersect respectively the four cones through the sphero- 
quartic (that is^ each sphere intersects the cone whose vertex is at its own centre) in four 
sphero-conics, and the projection of these sphero-conics on the planes of circular sections 
by lines parallel to the greatest or least axis will be four circles, and these will be the 
circles of inversion of the bicircular which results from projecting the sphero-quartic. 

For if the sphere m intersect the line KPF in Q (see art. 95), KQ^=:KP KF. We 
can therefore account for the four circles of inversion of the bicircular. 

99. The projecting lines of the four sphero-conics of the last article intersect the 
quadric in four curves, whose elliptic projections will be the circles of inversion of the 
bicircular which results from the elliptic projection of a sphero-quartic. 

This is proved in the same way exactly as art. 97. 

100. Lemma, If a sphere concentric with a quadric intersect it in a sphero-conic, 
and tangent planes to the quadric be parallel to the tangent planes to the cone whose 
vertex is at the centre of the sphere, and which stands on the sphero-conic, the locus of 
their points of contact is a line of curvature of the quadric. 

This proposition is plainly the converse of art. 158 of Salmon's '- Geometry of Three 
Dimensions ;' but we can give a direct proof of it as follows. Let the sphere and quadric 
be given by the equations 



^2 + ^2-1-^2— -1-5 
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then the equation of the cone is 

V)^+(t>-+(^>'=0- 

Now the equation of a tangent plane to the quadric is 

xx^ yif zz^ -J 

Hence the equation of a parallel tangent plane through the centre is 
and the condition that this should be a tangent plane to the cone is 

^'2 „./2 ^/2 

Hence x^ y^ z^ is a point on the intersection of the confocals -^+t2H — 2=1 and 

\X i) 

T' II Z 

;^2ir;:2 + 52^:72+^23:^^ Hence the proposition is proved. 

101. If tangent planes he drawn to the quadric parallel to the tangent "planes of the 
four cones through the sfhero-qiiartic U V, the locus of their points of contact are four 
lines of curvature on V. 

Demonstration. Let OR be a central vector of V parallel to an edge of one of the 
cones, then OE is constant, and the proposition is evident from the last article. 

Cor. If a developable he described about V hy draidng tangent planes to it along the 
sphero-guartic UV, the four cones whose common vertex is at the centre ofY^ and which 
stand on the double lines of the developable^ intersect the guadric in the lines of curvature 
stated in the proposition. 

102. If tangent planes he drawn to J] parallel to the tangent planes to the cones^ the 
loci of the points of contact are sphero-conics ; these sphero-conics are the focal sphere- 
conies of the sphero-guartic. This proposition is evident. 

103. If through- any tangent line of a sphero-guartic four planes be drawn passing 
through its four centres of inversion, the anliarmonic ratio of these four planes is constant. 

Demonstration. Let X^, \, X3, A4 be the four values of X, for which U+^V represents 
a cone ; then if we represent by Ui and Vj the tangent planes to U and V through the 
given line, the four planes in question are evidently tangent planes to the four cones, 
and their equations are Ui+^i^i, Uj-t-AaVi, Ui+XgVi, U1+X4VJ, and the anharmonic 
ratio is 

(A^ — Ag ) (A3--A4 ) /g2\ 

1^1 -^3) (^2 -^4)' ' ^ ^ 

Cor. It is easy to see that the theorem, ^' that the anharmonic ratio is constant of the 
pencil formed by the four tangents which may be drawn from any point of a plane curve 
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of the third degree/' follows as an immediate inference from the theorem of this article ; 
for the point in the sphero-quartic will be the vertex of a cone of the third degree 
which stands on the quartic^ and then, from what we have proved, it follows that if through 
any edge of a cone of the third degree four tangent planes be drawn to the cone their 
anharmonic ratio is constant. 

CHAPTEE YII.— EOCI AFD EOCAL CUEYES, 

Section I. — Foci of Cy elides, 

104. The conception of a focus which I shall use in this memoir is, in the case of 
surfaces, an infinitely small sphere having imaginary double contact with the surface ; 
and for curves, that of an infinitely small circle, having imaginary double contact with 
the curve. This being premised, let us take the cyclide given by its canonical form. 

We see from art. 33 that this cyclide is the envelope in five different ways of a variable 
sphere w^hose centre moves on a given quadric, and which cuts a given fixed sphere 
orthogonally. Thus, taking the quadric F of art. 33, the tangential equation to F is 
(a-- J)^^+(a~-c?)^^+(^~-^)f^+(«— ^)^^=0 ; and corresponding to this we have the sphere 
C5, which is the one which the variable sphere cuts orthogonally while its centre moves 
on F. Now let a developable be circumscribed to m and F, then the curve of taction of 
the developable and F, and the curve of intersection of ci and F, divide the surface of F 
into three regions, which possess the following properties : — In the first region every 
point is such that any sphere having it as centre and cutting a orthogonally is real, and 
moreover such that this sphere meets the consecutive one in a real curve ; in the second 
region every point is such that the spheres are real, but do not intersect the consecutive 
ones in real points ; while in the third region the orthogonal spheres are altogether 
imaginary. Hence it follows that every point in the sphero-quartic (o^F) is an infinitely 
small sphere having imaginary double contact with W, or, in other words, every point on 
(aF) is a focus of W. 

In like manner every point on each of the four sphero-quartics (/3P), (yF^), (§F^^), (sF^^) 
is a focus of W, so that a cyclide has in general five focal sphero-quartics. 

From this proposition it is evident that the rimi\e focal ([iiadric which Ih^Ye employed 
for the directing quadrics F, F, &c. is appropriate as suggestive of an important pro- 
perty of these surfaces ; had I followed M. De la Gourneeie I should have called them 
deferentes. In the next proposition we shall see an additional reason in favour of the 
name I have given. 

105. Definition. When the points of contact of a focus with the cyclide are points on 
the imaginary circle at infinity, I shall, following Dr. Salmon, call the focus a " double 
focus" (see Salmon's ^Higher Curves'). Professor Cayley, in his memoir on '^Poly- 
sonai Curves," uses the term '' nodo-focus'' to express the same idea; and M. De la 
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GouRNEEiE, in his memoir "Sur les Lignes Splieriques," '•singular focus" (see 
LiowiLLB's Journal for 1869). 

106. Let us suppose that we have a system of generating spheres passing through the 
same point P; from P let there be drawn a tangent cone to the focal quadric F, then 
any edge of this tangent cone meets the quadric F in two consecutive points, and the 
generating spheres whose centres are at these points touch each other at P, consequently 
each edge of the cone is a normal to the cyclide at P as well as being a tangent to F : 
now let us suppose the point P to be on the imaginary circle at infinity, and the normals 
to the cyclide at P will be also tangents to it at P, and we see that the tangent lines to 
the cyclide at the imaginary circle at infinity are also tangent lines to the focal quadric 
F. Hence we have this remarkable theorem : — 

The three focal conies of the focal quadric F of the cyclide are double or nodo-focal curves 
of the cyclide. Compare the corresponding theorem, art. 28 in 'Bicircular Quartics.' 

107. Since the nodo-focal curves of the cyclide W are the three focal conies of F, 
they are in like manner the three focal conies of F', P', P'', P^ Hence the five F's are 
confocal. 

That is, the ^ve focal quadrics of a cyclide are confocal^ and their three focal conies are 
such that each point of any of them is a double focus of the cyclide. 

108. If one of the focal quadrics of a cyclide be a sphere, then the focal conies of this 
sphere reduce to the centre, and the cyclide must consequently have the imaginary circle 
at infinity as a cuspidal edge. Hence all the focal quadrics must be spheres, and these 
spheres must be concentric. 

From the analogy of the corresponding case in ^ Bicircular Quartics ' I shall call this 
species of cyclide a Cartesian cyclide. 

The ordinary foci of a Cartesian cyclide being the intersection of the spheres of inver- 
sion with the focal spheres are circles, and it has but one singular or nodo-focus, which 
in this case is a triple focus, namely, the common centre of the focal spheres. 

109. If we take four foci for spheres of reference of a cyclide, since these foci are point 
spheres, the result of substituting the coordinates of any point in one of them will be 
the square of the radius vector to the focus. Hence if we denote the vectors to the four 
foci by §, §\ f^ f\ the vector equation of a cyclide will be in the form (see art. 29} 
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(93) 



110. If the focal quadric of a cyclide be a paraboloid, then the cyclide becomes a cubic 
surface together with the plane at infinity. Hence the focal quadrics of cubic cy elides 
are five confocal paraboloids. 

MDCCCLXXI. 4 S 
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111. If we are given a sphere of inversion and the corresponding focal quadric of a 
cyclide, we can construct the remaining focal quadrics. For by art. 34 let a be the sphere 
of inversion and F the focal quadric, and circumscribing a developable 2 to C6 and F, 
if the double lines of S, which are conies, be C, C^ G\ G'\ then through C, O, C", C' 
let confocals F', F^', F^^^, F^^^' to F be described, and these will be the other focal quadrics 
of the cyclide. 

Now if G5 touches F the developable !S will have but three double lines, C, C, C, and 
hence in this case there will be only four focal quadrics. If a touches F the cyclide will 
have the point of contact for a node, and moreover the cyclide will be the inverse of 
a central quadric. Hence it follows that the cyclide which results from inverting a central 
qiiadric has but four focal quadrics^ and that three of these confocal quadrics pass through 
the node (see art. 78). 

112. If the sphere of inversion be an osculating sphere of the focal quadric F, the 
developable 2 will have but two nodal lines, C, C, and therefore there will be but two 
additional focal quadrics, F', F''. Hence in all there will be but three focal quadrics. 
This is the species of cyclide which results from inverting a non-central quadric (see 
art. 79). 

113. If the sphere of inversion has double contact with F the cyclide will be binodal ; 
there will be, besides the focal quadric F, the two confocals to F, which can be drawn 
through the two points where cc touches F. A cyclide of this form being given by the 
equation (a, §, c,f ^, A)(j3, y, S)^ and the locus of the centre of the generating sphere 
being a conic, if must be a focal conic of the three confocal quadrics which the cyclide must 
have^ that is^ every point of this conic must be a double focus of the cyclide^ and moreover 
the four points in which it intersects the corresponding sphere of inversion inust be single 
foci. 

When the sphere of inversion a has double contact with F, the curve of intersection 
of a and F breaks up into two circles ; these circles are the inverses of the two focal 
lines of the cone, of which this species of cyclide is the inverse. 

114. Since three of the spheres of inversion of a cyclide which has only four spheres 
of inversion, and which is consequently the inverse of a central quadric, are the inverses 
of the three principal planes of the quadric, and since the inverse of a focus is a focus, 
it follows that in this case the inverses of the three focal conies of the quadric inverted 
will be the focal sphero-quartics of the cyclide. In this case also we have the following 
theorem, which is an extension of one given in my ' Bircirculars,' art. 55 : — 

If we invert a quadric Qfrom any point P, the principal planes of the focal quadrics 
of the resulting cyclide are parallel to the tangent planes at P drawn to three confocals 
of Q passing through P. 

115. In like manner two of the spheres of inversion of a cyclide which has only three 
spheres of inversion, and which is the inverse of a non-central quadric, are the inverses 
of the two planes of symmetry of the quadric; and since the focal conies of a para- 
boloid are either an ellipse and parabola or hyperbola and parabola, we see that one of 
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the focal sphero-quartics of such a cy elide must have a cm;p^ namely^ the inverse of the 
point at infinity on the focal parahola. 

Conversely, if the sj)here of inversion a of a cy elide he an osculating sphere of the focal 
guadric F, and if the whole system be inverted from the point of osculation^ the sphere cc 
will invert into a principal plane of the guadric into ivhich the cy elide inverts^ and the 
sphero-guartic in which a intersects F will invert into a parabola, 

116. Since the intersection of a focal quadric of a cyclide with the corresponding 
sphere of inversion gives a line of foci of the cyclide, then, if the cyclide be 
(i^^j^l^^j^(^y^j^g^^^ the focal qnadric vfill be aX^+5^^+(?^^+^f^^* ^.nd if the sphere of 
inversion be given by the equation 11^=0^.^ 4"i3^+y^+ ^'^ then the line of foci v^ill be 
given as the intersector of the two surfaces in tetrahedral coordinates, 

7 + y + 7+7— ^r 

and therefore the qnadric in tangential coordinates 



passes through the line of foci of aoj^+5^^+<?y^+^^^* Hence it follows that the cyclide 



a-\'k^ b-^k^ c-\-k^ d+k' 
denotes in general a cyclide having one focal sphero-quartic in common with 

117. In art. 33 we have seen that a cyclide given by the canonical form 
acij^+&/3^+cy^+^^^+^s^=0 may be written in five difi'erent forms; and by the last 
article we see that to this cyclide correspond five difierent systems of cyclides, each 
system having one sphero-quartic of foci common with it. These systems are given by 
the equations : 

a—b + k "^ a—c + k '^a—d + k ' ^— e + ^ * ......( o^ 

{b-c)y^ {b-dW- {b-e)s^ {b-ay 

b^:rc+k' +6^:i+¥ '^b-e+k' +{5-fl)+/c'— ^- • \y^) 

{c-d)^ ^c-ey {c-a)u^ {c-bW _n .q^x 

{d-e)e^ {d-ay jd-b)^^ {d-c)y^ 

d-e+k'"'^d-a+]j"^d-b+k"''^d-c+k"' —^- ••••■- lyo; 

{e-a)a ^ je-b)^ ^ (e-c) y^ {e-d)d^ „ ,„„, 

e-a + /?''''^e-b + F'''^e-c + F"'^e-d+k''''—^- ' i^^> 

In these equations the i^'s may have any value. 

4 s 2 
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118. The method of forming the reciprocal of one cyclide with respect to another 
will be given in a subsequent Chapter; in this we shall anticipate so much of the 
results as to say that it is identical Avith the method of quadrics. This being premised, 
if we form the reciprocal of the cyclides 

ao? i/3^ C7^ ^8^ ^ 



a-\-k^ h-Yk^ C'\'k^ d-^k 

with respect to U^=:a^-f'i3^+7'^+^'^=^5 we get 

{a^k)o? Ah-^k)^^ {c-Vk)^' (d-\-k)l\ 
« + 6 ■+" c + d ~~^' 

and from the forms of these reciprocals it is plain that they have double contact along 
the whole sphero-quartic, in which each is intersected by the common sphere of inver- 
sion U. 

119. The three confocals to a given cyclide which can he drawn through any given point 
are mutually orthogonal. 

Definition. Confocal cyclides are cyclides having a common sphero-quartic of foci. 

Demonstration. The focal quadrics of a confocal system of cyclides pass through a 
common curve of intersection ; this is the sphero-quartic, which is their common line of 
foci. Now let P be the point through which the cyclides pass, and taking F the inverse 
of P with respect to U, then the plane which bisects P P' perpendicularly forms with 
P, P', and U a coaxial system, and the three quadrics touching this plane and passing 
through the common line of foci will be the focal quadrics of three confocal cyclides 
passing through P, F and cutting each other orthogonally. For if X, Y, Z be the points 
of contact of the quadrics with the plane, it is evident that the spheres whose centres are 
X, Y, Z, and which cut U orthogonally, are themselves mutually orthogonal. Hence the 
proposition is evident. 

120. The cyclides in the last article are not only orthogonal at P, F, but each pair of 
them are orthogonal throughout their whole intersection*. 

Demonstration, Let us consider the two cyclides whose focal quadrics touch the 
plane at X, Y, and let us consider any edge of the developable which circumscribes the 
focal quadrics. This edge will be divided in involution by the system of quadrics 
passing through the common focal sphero-quartic. The double points of the involution 
will be the points of contact of the edge with the two quadrics which the developable 
circumscribes. Hence the spheres having these points as centres and cutting U ortho- 
gonally will themselves cut orthogonally, and hence it follows that the cyclides of which 
they are generators will cut orthogonally in a curve which has double contact with the 
circle of intersection of their generating spheres. 

* Hence it follows, by Duptn's theorem, that these cyclides intersect each other in Ihaes of curvature. 
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Cor. Each cy elide of the three orthogonal cyclides being a surface of two sheets, hence 
there will be two systems, each consisting of three sheets, and each system will have 
eight points common to all. Hence the three orthogonal cyclides will have sixteen 
points common to all ; these will be eight pairs of inverse points. 

121. The two cyclides 

ofi |3^ y^ 8^ s^ 
a ^ ^ c ' a ^ c 

have in common their five focal sphero-quartics. 

Bemomtration. For eliminate a^ from these cyclides by means of the identical relation 

and we see, by making Jc^^a in the equation (95), that the cyclides have one focal 
sphero-qnartic in common. Hence the proposition is proved. 

122. If two cyclides having the same spheres of inversion be reciprocals with respect to 
the square of any of these spheres^ then each intersects this sphere in a sphero-quartic of 
foci of the other. 

For it is evident the cyclides 

aa''+b^^+cf+d^^ 
and 

ft+^ + c'+i 

possess this property. 

Section II. — Foci of Sphero-quartics. 

123. We have seen that every sphero-quartic can be generated in fonr different ways 
as the envelope of a variable circle on the surface of a sphere U, the centre of the vari- 
able sphere moving along a sphero-conic while it cuts a fixed circle on U orthogonally. 
Now, if one of these sphero-conics be F^ and oo the corresponding circle, it can be seen, in 
the same way as in art. 104, that each point in which a intersects F is a focus of the 
sphero-quartic. Again, the four cones which stand on the sphero-conics (see equations 
(45), art. 41), and whose common vertex is at the centre of U, are plainly the reciprocals 
of the four cones which can be drawn through the sphero-quartic ; but these latter cones 
have the same planes of circular section, therefore the former system have the same 
focal lines. Hence we have the following theorem, analogous to one in ' Bicirculars ': — 

Every sphero-quartic has sixteen single foci^ and these lie four hy four on four confocal 
sphero-conics J these sphero-conics being the defer entes or focal conies of the sphero-quartic. 

124. Being given one circle of inversion and the corresponding focal sphero-conic of a 
sphero-quartic, the three remaining focal sphero-conics can be constructed. For circum- 
scribe a spherical quadrilateral to the circle and conic and through the three quartets of 
opposite intersections describe confocals^ and we have the thing done. 

125. Let us consider one of the double lines of the developable which circumscribes 
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U along the sphero-quartic, then the cone whose vertex is at the centre of U, and which 
stands on this double line, intersects U in the corresponding focal sphero-conic ; and it 
is plain that the four foci on this sphero-conic are the four points where the double line 
of the developable intersects U. Hence the sixteen foci of a s^Jiero-quaTtic are the six- 
teen joints in which the double lines of the develofahle which circmnscrihes the sphere 
along the sphero-quartic intersect the sphere. 

126. In Chapter IV. we have shown that the equation of a sphero-quartic may be so 
interpreted as to represent a quartic cone, namely, by regarding the circles a, /3, y, ^5 
which enter into the equation of a sphero-quartic, as single sheets of a cone, whose 
vertex is at the centre of the sphere. Again, the equation of a sphero-quartic may be 
interpreted so as to represent a cy elide, that is, by regarding c^, j3, y, ^ as spheres cutting 
U orthogonally, and the quartic cone given by the former interpretation will be a tangent 
cbne to the cyclide given by the latter. Hence we have, from article 123, the following 
theorem : — 

The quartic cone which circmnscrihes a cyclide^ and whose vertex is at the centre of a 
•sphere of inversion of the cy elide y has sixteen focal lineSy which are four by four the edges 
of four confocal cones. 

127. The four confocal cones of the last article possess another important property; 
to demonstrate it we must prove some properties of binodal cy elides. 

Let us consider the sphero-quartic WU, W being the cyclide aa^ + 5/3^ + (?y^ + (^^^, and 
U^sc6^+j3^^-y^+^^ then WU is the intersection of U with any of the four binodals got 
by eliminating a, /3, y, S successively between W and U^ Now each of these binodals 
has three focal quadrics and one focal conic, which focal conic is also a focal conic of the 
three confocal quadrics of the cyclide to which it belongs. Eliminating a, we get the 
binodal ((X— &)^^+(cj^— ^)y^+(<^ — ^)^^^nd the focal conic of this is one of the double 
lines of the developable % circumscribed about U along WU. Let the four double lines 
of 2be the conies C, CVC^a^ if C be the focal comcof {a- b)^' + {a '^c)f^-{a'^ d)l\ 
then % is the developable circumscribed about C and U. Hence, by art. 34, the three 
focal quadrics will be the three quadrics described through the conies O, G\ G" re- 
spectively, and having C for a focal conic. 

128. Since the four cones standing on C, O, C'^, C" are confocal, whose vertex is at 
the centre of U, and the four cones are confocal which have the same vertex and 
of which one stands on C and the remaining three are circumscribed to the three 
quadrics of the last article, hence we have the theorem, that the cones which stand on 
C G\ C" are circumscribed to the focal quadrics of the binodal which has C for a focal 
conic, 

129. From the theorems of the two last articles we infer at once^the following, which 
is the one referred to at the commencement of art. 127 :— if WU be a sphero-quartic, 
the four cones having the centre of M for a comraon vertex^ and standing on the confocal 
sjohero-conics of WTJ^ pass respectively through the focal conies of the four binodals ofWUy 
and each is circumscribed to a focal quadric of each of three of these binodals. 
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130. Let us denote the planes of circular section of the cones through WU by P, P^, 
then P passes through two of the four circular points at infinity on WU and P^ through 
the other two; and if H, IV denote the focal lines of the. four cones of recent articles, 
we see that the tangent planes to the quartic cone Q of art. 126, which touch it at the 
circular points at infinity, intersect two by two in the lines H, IV. Hence we haye the 
following theorem: — The focal lines of the four confocal cones of Q are the douhle focal 
lines of Q itself 

Cor, 1. Since every quadric has six planes of circular section, including real and 
imaginary, we infer that the cone Q has six double focal lines, 

Cor,_ 2, Since the points in which the focal lines of Q intersect the sphere U are double 
foci of WU, it follows that every sj^hero-quartic has six doullefoci, 

131. The theorem of the last article may be established as follows. Any plane I will 
cut the sphero-quartic in four points ; these points are common to the four cones pass- 
ing through the sphero-quartic. Hence, by reciprocation with respect to U, through 
any point i can be drawn four planes to intersect the planes of the nodal conies of 2, 
each in four lines, forming four tetragrams described about the nodal conies. And 
since each tetragram has six angular points, from any point i can be drawn six lines 
piercing the planes of the nodal conies each in six points, which will be the angular 
points of tetragrams described about the nodal conies ; and by supposing the plane I to 
be at infinity, the point i will be the centre of U, and the six lines will be the six focal 
lines of the four confocal cones. — Q.E.D. 

132. When the circle of inversion a touches the focal sphero-conic F, the sphero- 
quartic has a double point, and it is the spheric inversion of a sphero-conic (see art. 81), 
or the ordinary inversion of a plane conic from a point outside the plane of the conic ; 
and the cyclide WU, which will be got from the equation of the sphero-quartic by 
putting spheres for circles, as previously explained, will be the inversion of a central 
quadric. Again, the quartic cone Q, got by substituting single sheets of cones for the 
circle, will have a double line and three focal cones. 

133. When a is an osculating circle of F, the sphero-quartic has a cusp. This species 
of sphero-quartic is the spheric inversion of a spherical parabola, that is, a sphero-conic 
whose major axis is a quadrant, or the ordinary inversion of a plane parabola from a 
point outside the plane of the parabola. The cyclide WU will be the inverse of a non- 
central quadric, and the cone Q will have a cuspidal edge, and but two confocal cones. 

134. It is shown in art. 28 of 'Bicircular Quartics' that the equation of every bicir- 
cular can be written in the form ^^=Ji?C,, where 2, 2' are circles whose centres are the 
double foci of the quartic; and it is easy to see that this is equivalent to the equation in 
elliptic coordinates. 

Hence by inversion we see that any sphero-quartic can be written in the form 

zjZi =zfc O, . . . . , (100) 



642 DE. J. CASEY ON CTCLIDES AND SPHEEO-QUAETICS. 

where X^ %' are small circles, whose centres are the double foci of the sphero-quartics, and 
that this is again equivalent to the equation in elliptic coordinates, 

li?—v^=iJcs/C. (101) 

135. If in the equation S^^=^^C we put ' 

we get 

and the intersections of the circle %^^ with the sphero-quartic are also the points of inter- 
section of the circle ¥G-±Jf% with the sphero-quartic. Hence the sphero-quartic meets 
the circle ^^ only in two points. Hence we have the following theorem : — Any circle 
whose jplcme is perjpendicidar to a double focal line of a sphero-quartic meets the sphero- 
guartic only in two points. 

136. Let P, P^ be the points in which the circle %^' meets the sphero-quartic, then PP^ 
will be a generator of a paraboloid passing through the quartic. Hence we easily infer 
the following theorem : — IfB.^ H^, the double foci of a sphero-quartic^ be Joined to any point 
P of the quartic^ and circles described with radii HP, HT cutting the sphero-quartic 
again in V^V" respectively, the lines PF, PF' are parallel to the planes of circular sec- 
tions of quadrics passing through the quartic^ and they are the generators through P of 
one of the paraboloids which can he drawn through the sphero-quartic. 

Cor. Since three paraboloids can be drawn through the sphero-quartic, this theorem 
affords another proof that a sphero-quartic has six double focal lines. 

137. If we take the canonical form of a sphero-quartic a^^+5/3^ + ^y^+^S^=0, we 
get precisely, in the same way as in art. 117, the following system of equations, each 
denoting a sphero-quartic confocal with the given sphero-quartic, that is, each having a 
quartet of foci common with it : — 

(^_^ r«-e)/ J«-i)8^ 

(b-c)+k' '^{b-d)+k'^{b-a)+k'—^ vJ-"^; 

{c-d)+k" +(c-a)+k!'~^ic-b)+k" —^- ^^^^^ 

Jd-a)^ [d-b)^^ {d-c)y^ 

[d- a) + F' + (rf- S) + A"'+ Jd^^^cf+W- "• •••••• (-LU&j 

In these equations the k's may have any value. 

138. As in art. 118, yve can show that the recvprocals of two sphero-quartics having one 
quartet of foci common are two sphero-quartics having quartic contact at the points 
where they are intersected hy their common circle of inversion u. 

139. The two sphero-quarfics 

a^ b^ c ^ d 
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have the system of sixteen foci common to both. The proof is exactly the same as that 
of the corresponding theorem for two cyclides, 

140. Two spherO'guartics having four concyclic common foci can he described through 
any pointy and they intersect orthogonally in their eight points of intersection. 

Demonstration. Let P be the given point, P' the inverse of P with respect to the 
circle through the four common foci, then through the four common foci can be 
described two sphero-conics touching the great circle which bisects PP^ perpendicularly ; 
these will be the focal sphero-conics of the required sphero-quartics, and the proposi- 
tion is evident. 

141. The construction in art, 124 may be proved as follows: from art. 131 we see 
that from any point can be drawn concyclic planes which will intersect the planes of 
the nodal conies of 2 in four tetragrams circumscribed to the nodal conies. Now if the 
points from which the four concyclic tangent planes are drawn be the pole of the plane 
of one of the nodal conies (that is, in fact, if it be one of the four centres of inversion of 
the sphero-quartic), the proposition is evident. 

CHAPTER YTII. 

Anharmonic Properties of the Developable ^ and its BeciprocaL 

142. Let us consider the cyclide W+/^U^=0, where 

W^acc'^+b^'+cf + dh^ 
V'^ a'+ i3^+ f+ ^'; 
then the tangential equation of the focal quadric of W+^U^ is 

and this in tetrahedral coordinates is 

the discfinxinant of this with respect to k will be the developable % circumscribed to U 
along the sphero-quartic WU. 

143. The differential of (106) with respect to k, gives 

(^TJ^^'^Jf^^'^^^^ . . . • . (107) 

and the intersection of the quadrics (106) and (107) will be the locus of the centres of 
the generating spheres passing through the sphero-quartic WU of the cyclide W+^TJ^; 
and this curve, namely the intersection of (106) and (407), is a cuspidaledge on the 
surface of centres of W+^U^ Hence we see that the locus of all the cuspidal edges for 
all the surfaces W+^U^ is the developable S circumscribed toJJ along WU. 

Cor. 1. The cuspidal edge of the surface of centres of any cyclide of the system 
W-fi^U^ is a quartic of the first family. (See Salmok, p. 274.) 

MDCCCLXXI. 4 T 
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Cor. 2. These cuspidal edges have another and a more important geometrical signi- 
fication ; they are the curves in which the quadrics of the system 



touch the envelope ; on this account I shall call them curves of taction. 

144. The envelope of the quadric (107) is Clebsch's Surface of Centres (see Salmok, 
page 399). If we form the tangential equation of this quadric, we get 

(a+yfc)V + (^+X^)y+((?+y^')V+(6?+/^)Y; 

and this is the focal quadric of the cyclide 

M^fj^2Jc\N-^¥W=0\' . . . . . . . ... . (108) 

where 

W^= a'o5^ + ^^|3^ + cY + d'l\ 

The envelope of (108) is the cyclide 

VY u ^^^ YY ;• • . • . • • • . • , , , , , (xuyj 

a surface of the eighth degree. This is the envelope of all the spheres whose centres 
move on Clebsch's Surface of Centres^ and which cut a given sphere orthogonally. 

145. The lines of ^ are cut homographically by its curves of taction. 

Demonstration. % is the envelope of all the quadrics, 

(ax"+5^' + c^^+d;g^)+^(x'+^2+p^+§^); 

and by giving four different values to Jc^ say K^ ¥^ &c., the anharmonic ratio of the 
four points in which any line of ^ is divided by the corresponding lines of taction is 

(^^^F)(F^^F^O:(yF-FO(F-™F^O. ..... . . . (110) 

Hence the proposition is proved. 

A particular case is that the anharmonic ratio is constant of the four points in which 
any line of 1^ is divided by its four nodal conies; the value of this anharmonic ratio is 

(a—b)(c—d):(a—c)(b—d): . . (Ill) 

146. The envelope of tangent lines to the curves of taction of^at all the points where 
any line of % meets them is a plane conic which touches the cuspidal edge. 

Let L, L' be two consecutive lines of % ; then, since L, L' are divided homographically 
by the curves of taction, the proposition is evident. 

147. If L, L' be two non-consecutive lines of % the lines joining the points where they 
meet the curves of taction generate a ruled quadric ; this is evident, since the curves of 
taction divide L, U homographically. 

Cor. The lines joining the four pairs of points in which L, II meet the double lines of 
S are generators of a ruled quadric. 

148. The reciprocal of the developable % is the developable formed by the tangent 
lines of the sphero-quartic WU. We shall denote this latter developable by A. 
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If we reciprocate the Cor. in the last article we get the following theorena : — 

If the four centres of inversion of WJJ be joined by planes to two non-consecutive Urns 

o/ WU, the four lines of intersection of the homologous pairs of planes are generators 

of a ruled quadric. 

149. The lines of^ divide its nodal conies homograpMcally, 

Demonstration. Let five lines of S, namely L, L', &e., meet its nodal conies in fonr 
systems of five points, namely Z, l\&c.^ m^m\ Scc.^ n^n^Scc^p^p^^ Sec; then, by art. 147^ 

the four systems of lines 

IV , 

IF , 

W , 

IF', 

are generators of four hyperboloids, H, H', H^', H'^', and the planes IjII\ 12V\ hlf', J2W 
are tangent planes to H, ff, &c. ; hence the anharmonic ratios are equal, l{l\ U\ l'"yl"''} 
{HH^H'^IF^}. Hence the proposition is proved. 

150. By jeciprpca^ting art. 149 we get the following theorem : — If four tangent planes 
be drawn through any four lines of the system WU to one of the four cones through WU, 
the anharmonic ratio of these four tangent planes is egual to the anharmonic ratio of tlie 
four tangential planes drawn through the same lines of WU to any of the three remaining 
cones. 

Cor. From this proposition we infer the following theorem : — The anharmonic ratio of 
the four edges of one of the four cones of ^\J passing through any four points onW J] 
is equal to the anharmonic ratio of the four edges passing through the same points of any 
of the three remaining cones. 

151. Since the sphero-quartic WU is a curve of taction on % the tangent line to WU 
at the point where L cuts it (see art. 146) is a tangent line to the conic of art. 146. This 
theorem may be enunciated as follows: — A tangent plane to the sfhere U at any point P 
of the s^phero-quartic WU intersects the four faces of the tetrahedron whose vertices are 
the centres of inversion of the sphero-quartic in four lines ; and the conic determined by 
these lines and the tangent line to WU at P will also touch the line of contact of the 
'plane with % at the cuspidal edge of %. 

We shall have to refer so frequently to the tetrahedron formed by the centres 
of inversion of WU, that in order to avoid circumlocution I shall simply call it the 
tetrahedron. 

152. By reciprocating with respect to U we get from the theorem of the last article 
this other theorem : — The four lines drawn from any point V of a sphero-quartic WU to 
its four centres of inversion, the line of % passing through P, and the line of A through 
P are edges of the same cone of the second degree, which has also the osculating plane of 
WU at V for a tangent plane. 

The cone possesses this property also ; namely, the anharmonic ratio is constant of the 
:four edges passing through the centres of inversion. 

4t2 
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153. Let us now consider the developable A reciprocal of X. This is formed by the 
tangent lines of WU. Let K be one of Kg. 4. 
the centres of inversion of WU, P, P', 
Q, Q^ two pairs of inverse points of 
WU ; then, if P, Q be consecutive points, "^ 
PQ, P'Q^ are two lines of A, and their 
point of intersection, S, is a point on two 
lines, and the locus of S will be a double or nodal line of A, 

Now we have seen that, W being ao^-j-bft^ + cf+S^, W=oo^+(3^+y^+l\ the sphero- 
quartic WU will be the intersection of the quadrics 

w^+ /+ ^^+ ^^=0, 

and the equation of the nodal line of the developable A is (see Salmon's ' Geometry of 
Three Dimensions,' art. 209) 

The same equation may be easily inferred from ' Bicircular Quartics,' art. 43. 

Hence each of the four nodal lines of A is a quartic curve having three double points^ 
the double points being at the centres of inversion^ which are in the plane of the nodal line 
and passing through the four single foci of the sjohero-quartic which lie in the plane of 
the nodal line, 

154. Every line of A has a corresponding line in % ; and by art. 146 any line of A and 
the corresponding one of % are tangents to a conic, which also touches the four lines in 
which their plane intersects the faces of the tetrahedron. Hence any line of A, and the 
corresponding line of 2, are divided homographically by the faces of the tetrahedron ; 
but the lines of 2 are divided in a given anharmonic ratio by these faces (see art. 145). 
Hence the lines of A are divided in a given anharmonic ratio by its four nodal lines. 

Cor, If two lines L, L' of A meet its nodal lines in two systems of four points /, m, ^, f, 
?, m\ d^p^^ the corresponding chords of the nodal lines 11!^ mw', nn\pp[ are generators 
of an hyperboloid ; for L, L^ are divided equianharmonically by the nodal lines of A. 

155. The nodal or double lines of A are homographic figures. 

For let five lines of A meet its double lines in the four systems of five points each^ 
then are equal the four pencils 

1{V V F F'], m{m! ni!^ w!' n^'^}, 
n{n^ n^^ n^^[ n'"'}^ p {f^ p^^ p^^^ p'^" } I 

that is, the four pencils are equal which are formed by the corresponding chords of the 
four double lines. This follows exactly in the same way as the corresponding proposition 
of art. 149. Hence the proposition is proved. 

156. By reciprocation we get from the Cor. of art. 154 the following theorem: — If 
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LjL', L^', L'^^, L'"" he jive lines of^^ the plane joining J^ to any of the four centres ofinver'^ 
sion will intersect the planes joining U\ V^ &c. to the same centre in four lines^ whose 
anharmonic ratio will he independent of the centre used in the construction^ or^ in other 
words ^ will he the same for all the centres. 

157. Since the locus of all the points on two lines of A is a system of four plane 
curves, each of the fourth degree, and having three double points, it follows by recipro- 
cation that the envelope of all the planes through two lines of 2 is a system of four cones, 
each of the fourth class, and each cone having one of the vertices of the tetrahedron for 
vertex, and the three faces which meet in that vertex as douhle tangent planes. 

158. If L be a line of A, then the anharmonic ratio is constant of the pencil of planes 
through L to the vertices of the tetrahedron. Hence any face of the tetrahedron will 
intersect this pencil in four lines whose anharmonic ratio is' constant. Now of the rays 
(four lines), three are lines from the point where L pierces the face of the tetrahedron 
to the three vertices in that face, and the fourth is a tangent to the cone in which the 
same face intersects one of the four cones through WU, — the three vertices forming a self- 
conjugate triangle with respect to that conic. Hence we have the following theorem : — 
If from any point in one of the four nodal lines of A three lines he drawn to the three 
douhle points of that nodal line, and a fourth line he drawn tangential to the conic in 
which the fourth cone through WU pierces that face, then is constant the anharmonic 
ratio of the pencil thus formed. 

159. The following direct proof of the converse of the theorem of the last article, 
stated as a property of any quartic curve having three double points, was communicated 
to me by my friend J. C. Malet, Scholar of Trinity College, Dublin. If from any point 
of a trinodal plane quartic three rays of a given anharmonic pencil he drawn to the nodes, 
the envelope of the fourth ray is a conic section. 

Let the quartic be given by the equation 

(fy^'\-y^z^ + ^V+ 2[xyz){Kx'^^y'^Cz), 

where {xy), (yz), (zx) are the three nodes, and let the point from which the pencil is 
drawn be x^ y^ d, then three of the rays are evidently the system of determinants 

^, y\ z\ 
X , y , z , 

and these may be denoted by the concurrent systems L=:0, M=0, ljz'-^My^=0. 

Now, if we denote the fourth ray of the pencil by L+^M, the conditions of the 
question give 



^' c 



, where c is constant ; 



but 

L + ^M ^x{kz^ —y^) +yx' — fe^' 

E=i'kx-T^y--'VZ suppose; 
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and by comparing coefficients we get 







JCZ^' 


-y'-- 


=-k, 


,^'- 


r^A, 








Tcx^-^ 


-», 




fc'- 


-cy'= 


=0. 


Hence 


we 


have the following values for 


^,y', 


z', 








x^^ 


■-j/j; 


y= 


~c—l 


; z<-. 


cXft . 

-(c-l)v' 



and these values, substituted in the equation of the given quartic, give after reduction 

the tangential equation of a conic. 

Cor. By reciprocation we get the following not less interesting theorem : — > 
If any tangent T to a curve of the fourth class having three douhle tangents intersect 
its three douhle tangents in the three jpoints A, B, C, and if a fourth point D be taken on 
T, such that the anharmonic ratio |A B C D} is given^ the locus of J) is a conic section. 

160. If we take any point P on one of the four nodal lines of 2, then through P can 
be drawn two lines of ^, say L, L' ; let these meet the other nodal lines of '$ in the two 
triads of points a^ a!^ aJ\ 5, h\ V^ ; then, since the lines of ^ are divided equianharmonically 
by its nodal lines, the two ranges are equal, Vaa!a!^^ YWV^ . Hence the lines are con- 
current, ah^ dV ., d^V\ the point of concurrence, being the vertex of the tetrahedron oppo- 
site to the plane of the node on which is taken the point P. 

161. If we denote the four nodal conies of ^ by N, N', N^', W^\ and if J be the section 
of the sphere tJ made by the face of the tetrahedron on which N lies, P the point where 
a common tangent PP' of J and N touches N, then the lines of % which can be drawn 
through P are coincident ; in fact the section of 2 made by the plane of N consists of the 
conic N repeated twice, and of the four common tangents of J and N, the equations of 
the common tangents being 




. h-c 

X 



». ±y\/^± V°^=0 (113) 

(see Salmon's 'Geometry of Three Dimensions,' p. 161). Hence it follows from the 
last article that the common tangent PF meets each of the remaining nodal conies 
N', W\ W^\ and that the tangents to N', N'^ W\ at the points where PP' meets them, 
are complanar and concurrent, the point of concurrence being the opposite vertex of the 
tetrahedron. Hence w^e easily infer the following theorem: — The three nodal conies 
N^ W^ W^^ pass respectively through the tliree pairs of opposite intersections ofthetetragram 
found hy common tangents of J and N. Compare art. 34, 124, and art. 38, VBicircular 
Quartics.' 

162. From the theorems of this Chapter may be easily inferred properties of Bicircular 
Quartics ; I give a couple of instances. 

1"*. Since the anharmonic ratio is constant of the four planes through any line of A 
to the vertices of the tetrahedron, these planes will cut the sphere U in four circles, which 
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four circles will belong one to each of the four systems of generating circles of the 
sphero-quartic WU ; hut if the sphero-quartic be inverted from any arbitrary point of U, 
it becomes a bicircular quartic. Hence the anharmonic raiio is constant of the four 
generating circles of a bicircular quartic which touch each other at any ^oint of the quartic. 
See 'Bicircular Quartics/ art. 99. 

2''. If four points^ 1, m, n, p, ^<^ taJcen on a hicircular guartic and normals le drawn to 
the quartic at these foints^ the normals divide the focal conies of the quartic homogra- 
phically. This follows from art. 149. 

163. Conversely, properties of sphero-quartics may be inferred from those of bicir- 
cuiars. 

, If we take any line through two points E, F of the sphero-quartic WU, and through 
EF draw four planes each tocching WU in another point, these planes intersect U in 
four circles, which will become, if U be inverted into a plane, four circles intersecting 
a bicircular quartic in two common points and touching it, each in another point, but 
the anharmonic ratio of such a pencil of circles is constant (see ' Bicirculars,' art. 99). 
Hence is constant the anharmonic ratio of the four ]^lanes through EF. 

Cor. 1. If K^ B, C, D he the four ^points where the planes through'EF touch the Sjphero- 
quartic J the tangent lines to the quartic at A^ B, C, D {that isy the limes of A through A, 
B, C, D) meetMF in four points whose anharmonic ratio is constant. 

Cor. 2. The four lines of A of Cor. 1 are generators of a ruled quadric. 

Cor. 3v ^through the UnesofAatA, B, C, D (that is, thefour lines of Cor.V)he d/ramn 
four planes intersecting the sphero-quartic in a common chords if the common chord 
varies it will generate a ruled quadric. 

CHAPTEE IX. 

Osculating Circles of Sphero-quartics. 

164. If we consider the cy elide 

W^ace^+5j3^4.(?/+a^=0, 

and the sphere U given by the equation 

U^=e^^+j3^+y2+S2=0, 
then the quadric 

ax^ + %^ + ^^^ + dw"^^ 

which will be the reciprocal of the focal quadric of W, will pass through the sphero- 
quartic WU, and (f -\-y^ -{-z^ -\~w^=^^ will be the equation of U in the same system of tetra- 
hedral coordinates. 

The section of these quadrics by the plane vj will be the conic a^^+%^+<?^^=0 and 
the circle ^^^+j/^+^^=0' Now, following Clebsch, let us generalize the method of finding 
the evolute oi aoc^ -^hy^ ■\- cz^ (see Salmon's ^Geometry of Three Dimensions,' art. 472). 
We have the following problem to solve, which will be the generalization of drawing a 
normal to a conic. Let it be required to find a point x, y, z on the conic a^^-|-%^4-^^^ 
such that the pole with respect to the circle (f'\'y^-{-z^ of the tangent to the conic at 
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x^ y, z shall lie on the line joining x^ y^ z io di given point oc\ y\ ^ ; denoting the coordi- 
nates of any point on this latter line by ^'— M^, y^—'^^y^ z^--'kz^ we find (as in Salmon, 
art. 472) that the generalized evolute of ax^-^-hy^-^-cz^ is the discriminant of the conic 



ax* 



\ 



+ 







with respect to X, and therefore the required evolute is the curve of the sixth degree 

a4(^-c)»#+%-«)y+c^(ffl-5)*#=0; (114) 

and the reciprocal of this w^ith respect to the circle x^-\-y'^-{-z'^=:.Q is the quartic curve 






bcou 



2 



cay 



abz' 



(115) 



165. The equation (115) occurs so frequently in subsequent articles that we shall 
examine its properties with some detail. If in the equation of the developable A formed 
by the tangent lines ofWU we makew = 0, the result will be the square of (115). 
Hence we infer the following theorem : — The nodal lines of the develojpahle A are the 
reciprocals of the generalized evolute of the conies in which the reciprocals of the focal 
quadric are cut hy the faces of the tetrahedron, 

166. If we invert the sphere U from one of the eight centres of inversion (see art. 83) 
into one of the faces of the tetrahedron, the sphero-quartic WU will invert into a bicir- 
cular ; and it is easy to see that the nodal line of A in that face of the tetrahedron will 
be the locus of the intersection T of tangents to the bicircular at a pair of inverse 
points P, P' (see art. 43, ' Bicirculars') ; but the point T is evidently the centre of simi- 
litude of two consecutive generating circles of the bicircular. Hence the locus of T is 
the envelope of the axis of similitude of three consecutive generating circles of the 
bicircular. Hence we infer the following theorem: — If a sphero-quartic WU he 
inverted into a hicircular on the plane of one of the faces of the tetrahedron^ the nodal 
line of the developable A formed hy the tangent lines of WU is the envelope of the radical 
axis of a fair of inverse osculating circles of the hicircular, 

167. The equation (115) may, by incorporating constants with the variables, be written 

in the form 

1 



1 1. 

^2 1^2- 



.2 5 



and in this form it will be satisfied by the coordinate of the point common to the system 

of determinants 

x^ y, z^ 

sec®, cosec^j 1. 

If we call this the point f, then the equation of the chord joining the points ^, (p^ will 

be the determinant 

X, y, z, 

sec<p, cosec^, 1, 
sec^'j cosec^', 1, 



0, 



(116) 
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Hence we find without difficulty the tangent to be given by the equation 

^cos^^+ysin^<p=;2;; (117) 

and this is therefore the equation of a tangent to a nodal line of A. 

Ill 
168. If from any ^oint of the curve -^-^ -^zul-^ four tangents he drawn^ the points of 

contact are in a right line. 

Demonstration. We shall simplify the proof by taking z = unity. Let x^ y^ be the 
point of contact, then the tangent is 

and if (a j3) be a point where this meets the curve again, we have the equations 

-^-1-^-1 iV\ 

^^\yi^ -^5 • • ♦ \^) 

^ +^ =1? • • • {^j 

^ + ^==1« • • ♦ \^) 

Hence from (1), (3) . . . ^' +^'=0, . . . (4) 
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- (4) and (5) . . -^i^^+Jf^ 

or (/3^'— a;y)(/3.r'+ay— ojj3)=0. Therefore the line /S^^+^y— -ajS^O passes through 
the points of contact, and the proposition is proved. 

Cor. 1. The envelope of the line through the points of contact is a conic section ; for if 

we seek the envelope of ~+~=l, subject to the condition ^+^2=1, we get the conic 
section 

The reader is not to imagine from its form that this equation represents a circle. 

Cor. 2. The anharmonic ratio is constant of the four points in which the chord of 
contact meets the curve. This follows at once by considering the pencil of four tangents 
from a point infinitely near the former one. 

Cor. 3. If four tangents he drawn to the evolute of a conic at the points where any 
tangent of the evolute meets it^ these four tangents are concurrent^ and the locus of their 
points of concurrence is a conic passing through the six cusps of the evolute. 

169. In the sphero-quartic WU, if P, F be inverse points with regard to one of its 
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spheres of inversion, (a) for instance, then the spheres orthogonal to U passing respect- 
ively through two triads of consecutive pairs of points at P, P^ will be osculating spheres 
of W, and their circles of intersection with U will be osculating circles of WU. The 
radical plane of the inverse pairs of osculating spheres will be a diametral plane of U, 
and will intersect the face of the tetrahedron in a line which will be a tangent line to 
the curve (115). Hence we have the following theorem :—TA^ envelope of the radical 
jplane of a jpair of inverse osculating spheres of a sphero-guartic is a cone of the fourth 
degree possessing the following properties : — 

I''. It has three double edges passing through three vertices of the tetrahedron. 

2^ It has six stationary tangent planes. 

S''. If through ang edge four tangent planes he drawn^ their edges of contact are corn- 
planar, 

4"^. The anharmonic ratio of the four edges of contact is constant. 

5"^. The envelope of the plane through 4h& four edges of contact is a cone of the second 
degree touching the six stationary tangent planes. 

170. Let K be one of the vertices of the tetrahedron, and S one of the osculating 
circles of WU. I say the cone V, whose vertex is K and which stands on S, will have 
double contact with the cone whose vertex is K and which circumscribes U. 

.;: IS 

Demonstration. The cone which circumscribes U along S, and the cone whose vertex 
is at K and which circumscribes U, have plainly two common tangent planes; and these 
will evidently be tangent plants to V also. Hence the proposition is proved. 

171. The cone V osculates the cone through WU having the same vertex as V. 
This is evident, since S passes through three consecutive points of WU. The planes 
of circular section of V are parallel to the plane of S, and to the plane of the inverse 
ofS. 

172. If we form the reciprocal of the cone V with respect to U, its vertex will be at 
the centre of U, its intersection with U will be a sphero-conic having double contact 
with a circle of inversion (see art. 170), (2'') osculating the corresponding focal sphero-conic 
(art. 171); 3^ the focal lines will pass through two points on the cuspidal edge of the 
developable A circumscribed along WU (art. 171). Hence we may enunciate the 
following theorem : — If J and F denote the two cones whose vertices are at the centre of 
U, and which stand respectively on a circle of inversion and on a focal sphero-conic of 
the sphero-guartic'WTJ ., the cone standing on the cuspidal edge of A is generated hy the 
focal lines of a variable cone which has double contact with J and which osculates F. 

173. The theorem of the last article has an analogue in the theory of bicircular 
quartics. This may be inferred from the one for sphero-quartics ; but the following is a 
direct proof. 

First we have to find the locus of the centre of a variable circle which touches one 
circle and which is orthogonal to another. 
Let the variable circle be 
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the touched circle 

a;'+?/^+2/^ +2/'y +c' =0, (1) 
the orthogonal circle 

-p2_j.^2+2/a;+2/"^+c" = 0. (2) 

The given conditions supply the two equations, 

i{f^-r-c){f-^r-d)^{2gg<+2ff<-c-d)\ 

Hence, eliminating c, and putting x, y in place of —g, — y, which are the coordinates 
of the centre of the variable circle, we get for the required locus 

^f+f'-c%x'+f+^x'+2fhj+d^)^ (118) 

a conic which has double contact with the circle cut orthogonally, the radical axis of 
the two fixed circles being the chord of contact. 

The focus of the conic is the centre of the fixed circle; this is most easily seen by 
taking the centre of the fixed circle as origin; then/^^O, /=0, and the equation (118) 
becomes that of a conic having the focus as origin, namely 

ic\x'+f)-\-{2fx+2f'y+c[+dJ=^ (119) 

Now if the circle (1) be an osculating circle of a bicircular quartic, and the circle (2) 
one of its circles of inversion J, the conic (319) must have three consecutive points 
common with the focal conic of the quartic which corresponds to J, namely the centres 
of the three generating circles of the quartic which the circle (1) touches. Hence we 
see that the proposition is proved, that the evolute of a bicircular quartic is the locus of 
the foci of a variable conic which has double contact tvith a circle of inversion of the 
quartic^ and which osculates the corresponding focal conic, 

174. The theorem proved in the last article enables us to determine the degree of the 
evolute of a bicircular. For let v be Chasles's characteristic ; that is, let v be the number 
of conies osculating the focal conic F of a bicircular quartic, and having double contact 
with the corresponding circle of inversion J, which can be described to touch a given 
line ; then the required degree will be ^v. Hence the degree of the evolute will be 
known when v is found. We shall prove in the next article that v\%Vl\ therefore the 
degree is 36 ; but this number suffers a reduction, as we shall prove that it includes the 
line at infinity taken 24 times. Hence the reduced degree is 12. 

175. To find CiiASLEs's characteristic i/ for a system of conies osculating one given conic 
and having double contact with another given conic. Our solution will depend, 1"", on 
the question, If a variable conic touch a given line, and Have double contact with a given 
fixed conic, to find the envelope of its chord of contact with the fixed conic. 

This is solved as follows. The condition that the conic S+F^^ should touch P' is the 
tact-invariant 

(1+S^OS^--I^'=0 (see art. 46). 

Let S^^^+J/^+^^ F^-^X^+^j/+^^, F=X^^-|-^^^-f >^^ and the tact-invariant gives 

4u2 
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X, jM;, p connected by an equation of the second degree. Hence the envelope is a conic 
section. 

2''. On the question. If a variable conic osculate one conic, and have double contact 
with another given conic, to find the envelope of the chord of contact. 

Let the osculated conic be 

and the one of double contact 

then the variable conic must be of the form 

Now, if we want to describe a conic having double contact with ^^+^^+;s^ where 
Xx+[Jb7/+yz cuts it and touching ax^-^-by^-^-cz^^ the points of contact on ax^+hy^+cz^ 
will be given as the points of intersection of ax^-^hy^-^cz^ with the Jacobian of 
ax^-^-by^-^cz^^ ^^+2/^+^^ ^^^ "kx+iJuy-^-vz; that is, the points of contact will be the 

points of intersection of ax^-i-by^-^-cz^ yvith the conic ^ '^^^^fzS^!Z^ _^v[a— ) . ^^^ if two 

of these points of intersection coincide, the conic which has double contact with x^-^y^-^-z^ 
will osculate ax^'\'by^+cz^ ; hence we must form the condition that the conies touch 

ax'+bf^cz'^^, -V^+^~^+~^"^""0- 
This is easily found to be 

ai(5~c?)«>J + P(c-a)t//i+(?*(^~-S)M=0 (120) 

Now, since this denotes a curve of the sixth class, and the former condition l"" a curve 
of the second, they will have twelve common tangents; hence i/=12. 

Cor. In the same way it may be proved that |M;=12. 

176. We shall now return from our digression on bicirculars. 

At the points where the nodal conic N of the developable S (see art. 161) cuts J, the 
osculating circle of the sphero-quartic WU cuts J orthogonally; and hence it is its own 
inverse with respect to the sphere a. Therefore the four points in which J cuts N are 
points of stationary osculation. Hence there are on a sphero-quartic sixteen points of 
stationary osculation. ^ 

Cor. The cone of articles 170, 171 in this case breaks up into two planes; and since 
the poles of the planes of the osculating circles of WU form the cuspidal edge of the 
developable 2, we see that 2 has sixteen stationary jpomts which lie four by four on the 
four nodal conies N, N', N'^ N^^^ the four stationary points on N being the four points of 
contact of the common taiigents of N and J ; and similarly for N', N'', N''^ 
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177. The sphero-quartic (WU) is the intersection of the two surfaces in tetrahedral 
coordinateSj 

the first being the reciprocal of the focal quadric of W, and the second the sphere U. 
Now the osculating plane of "WU at any point ^'^ y\ ^^ w' is (see Salmon's ^ Geometry 
of Three Dimensions/ p. 291) 

(a— J)(^— e)(a — d)o(i^x + (S — d){h — c){l} — d^fif^y 

This may be written in a simpler manner : thus, if •^(X) denotes a biquadratic whose 
roots are a, 5, c, d^ the coefficients of the above equation denote the results of substi- 
tuting the roots a, 5, c^ d respectively in -^'('k)^ so that the equation becomes 

%}/'(a)^'lT+\f/^(%'^2^ + 4/'((?y';^+4/^(d^^^^ • . . . . (121) 

Hence through any ;poinf can he drawn Uvelve planes to osculate a siphero-qiiartic. 
Cor. 1. Through any ])omt on the sphere U cao% he described twelve osculating circles of 
WU. Hence Chasles's characteristic p for the osculating circles of a sphero-guartic is 

Cor. 2, If the point he on the sphero-guartic itself ij(j=9. 

Cor. 3. Uvery sphero-guartic is osculated hy twelve great circles; for twelve osculating 
planes can be drawn through the centre of U. 

Cor. 4. Let us consider any small circle Z on the surface of U ; then, since through the 
pole of the plane of Z can be drawn twelve planes osculating WU, we have the theorem 
that any circle on the surface of U is cut orthogonally hy ttoelve osculating circles of WU. 

Cor. 5. By inversion we get the following theorem for bicirculars : — Any circle in the 
plane of a hicircular is cut orthogonally hy twelve of its osculating circles. 

Cor. 6. The theorems that a bicircular quartic has twelve, and that a circular cubic 
has nine points of inflection, are the inversions of Cors. 1, 2. 

178. Since the cuspidal edge of 2 is the locus of the poles of the osculating planes of 
WU, it is plain that the cone whose vertex is any point of the cuspidal edge, and which 
circumscribes U, will touch U along an osculating circle of WU, and that it will be an 
osculating right cone of the cuspidal edge (see Salmojs^'s ' Geometry of Three Dimensions,' 
art. 363). Again, since tw^elve osculating planes of WUpass through any point, w^e see 
that the cuspidal edge is of the twelfth degree. This latter part corresponds to the 
theorem that the evolute of a bicircular quartic is of the twelfth degree. 

179. Since the cuspidal edge is of the twelfth degree, any quadric will cut it in 24 
points. Hence any cone will in general cut it in 24 points. If the cone circumscribe U, 
we have, by reciprocation, the theorem that any circle on the surface of U touches in 
general 24 osculating circles o/* WU. 
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Cor. 1. By inversion we get the theorem that any circle in the plane of a hicircular 
is in general touched hy 24 osculating circles of the hicircular. 

Cor. 2. Any line in the plane of a hicircular is in general touched hy2i of its osculating 
circles. 

Cor. 3. The line at infinity being touched by 24 osculating circles, shows that the line 
at infinity is counted 24 times in the evolute of a bicircular (see art. 174). 

Cor. 4. Cb^ablFj^'b characteristics for the osculating circles of a hicircular quartic are 
1^.^12, v=2L 

Section II. — Locus of the Poles of the Osculating Circles of a Sphero-quartic. 

180. The equation (121) is the osculating plane of WU at the point x^y^z^uJ ; and if 
the coordinates of the pole of this plane with respect to TJ be X, Y, Z. W, we get 



^^—(ttt-tV, y 



Y 



y(a) / ' 



A,\b) 



5 OCv-/. J 



but ^'5 y\ z\ w^ satisfy the two equations 

ax^ -^hy^ + cz^ -\- dw'^ =0 ^ ^^-f^^+^^+'^^=0. 

Hence, by substitution and replacing X, Y, Z, W by x^y^ z^ w, we see that the locus of 
the poles of the osculating circles, or, what is equivalent, that the cuspidal edge of 2 is 
the intersection of the two surfaces 



X 



V{a) 



+ 



y 



mb) 



+(4)'+(w)*=«' ^122) 



X \% 



^'rt-'l^)] '^^[mY'^^^'ic) 



3 \ 3 



-\-d 



w \% 



^^\d) 



=0 (123) 



181. Since the equation (121) of the osculating plane is satisfied by the coordinates 
of any point in it, we must have 

'i^\a)x^'^'i^\h)y^'-\'^\c)z''^-i/\d)w^'=^ ; 



and substituting as in the last article, we see that the cuspidal edge of 2 is a curve on 



the surface 



w 



,4 ^ 



4''(«) 



BH-I«n( 



4-11 



1_ 
4>'(b) 



¥ 



+ 






fW 



+ 



r 4 "> 



<''{d) 



0, 



(124) 



Or we may prove this theorem otherwise. The developable % is the envelope of the 
quadric 



tJC 1/ 2 Ul) 

^:rk+brk+^:^k+drk=^ ^'^^ art. 142), 
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Hence the coordinates of any point on the cuspidal edge must satisfy the system of 
equations: 

+nij^j:^ . ..... (125) 



{a+kf^ {b-\'kf^ {c-^kf^ {d + ky 



Hence 



{a + kf * (6 + /^f ^(c? + /^f ^ {d-^ky 
a^w^ W-y^ c%^ ^^m;^ __ nw\ 



;2 «,2 ^2 «,,2 



w^ y^ 2^ w^ 111 



and substituting the values of (a+^)j (i+k), &c. from these equations in 



(128) 






we get the equation (124). Hence &c. 

Cor. 1. By giving k any particular value, we see from the equations (125), (126), (127), 
that the points on the cuspidal edge of 2 are^ eight hy eighty the points of intersection of 
three quadrics. 

Cor. 2. From equations (126), (127) we see that the cuspidal edge is a curve on 
Clebsch's surface of centres; and from equation (109) it follows that the sphero-quartic 
WU is a double line on the surface which has Clebsch's surface of centres for a dSfSrente. 

182. By eliminating Jc from any three of the four equations (128), we get the equa- 
tions of four cones standing on the cuspidal edge. Thus one of the cones is 

{h-c){-i^\a)x'']^+{c--a){i^\h)^^^^^ . . . (129) 

The vertex of this cone is one of the vertices of the tetrahedron; it possesses several 
properties. The following are some of the most important : — 

1^ It intersects the opposite face of the tetrahedron in Clebsch's evolute of a conic 
(see art. 164). 

2^ It is the reciprocal of the" corresponding double line of A — that is^ of the developable 
formed by the tangent lines of WV. 

3^. Uvery edge of it is a line through two points of the cuspidal edge of %. 

4^. JEvery tangent plane to it is a plane through two lines of%^ and it is therefore one 
of the four cones which are the envelopes of all the planes through two lines of that deve- 
lopable. 

5*". The equation, cleared of radicals, is of the form 

|A^+B^+e}^=27A^B^Cl ....... , (130) 

Hence it has six cuspidal edges lying on the cone of the second (?(^^f^^, A^+B^+C^=0. 

6^ Any tangent plane to it will intersect it in a pencil of four lines whose anharmonic 
ratio is constant. 

7°. The tangent planes, touching it along the lines of intersection of any tangent plane ^ 
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^ass through a common line. This common line is an edge of the cone A^+B^+C^=0 
passing through the six cusjpidal edges. 

183. Let us consider an edge of the cone (129). It pierces IT in two points; these 
are the limiting points of two inverse osculating circles of the sphero-quartic WU. 
The equation of the locus of these limiting points is easily found ; for the tangential 
equation of the nodal line of % is the equation got by substituting X, [ju^ y in place of 
cCy y^ z in the equation of the cone. Hence, if u^ (3^ y be the three circles of inversion of 
WU, the poles of whose planes are at the three remaining vertices of the tetrahedron, 
the equation of the required locus will be got by substituting in the equation (129) 
a, /3, y for x^ y, z^ and therefore it will be 

{Ty^c){'^^^ayY^^{c--a){'^\^^^^ . . , (131) 

a curve which has twenty four cusps. 

184. If ^5 y\ z\ vi be the coordinates of any point in the sphero-quartic WU, then it 
follows from equation (121), combined with art. 36, that the equation of the osculating 
circle of WU at the point x y^ ^ w^ is 

where a, /3, y, i are the circles of reference when the sphero-quartic is given by its cano- 
nical form. 

CHAPTEE X. 

Classification of Cyclides. 

185. Following the analogy of the method given in my memoir on 'Bicircular 
Quartics,' I shall take as the basis of classification the species of the focal quadric. 

The principal varieties of quadrics are : — 1"". An ellipsoid or hyperboloid. 2"", A sphere. 
3^. A paraboloid. We shall find the cyclides corresponding to these varieties to have 
fundamental distinctions. We shall therefore devote a section to each. 

Section I.- — Focal Quadric an JEllipsoid or Hyperboloid. 

186. Figure of cyclide. Let us denote the sphere of inversion by U, and the focal 
quadric by F. 1^ When the developable circumscribing U and F is imaginary, as for 
instance when F is an ellipsoid and U entirely within it, the cyclide evidently consists 
of two distinct sheets, which are inverse to each other with respect to U. One sheet is 
internal to U, and the other external ; each sheet is a closed surface. 

2*". When the developable is real, and when U does not intersect F, or else when it 
does intersect it in a sphero-quartic consisting of two distinct ovals, the cyclide W is 
made up of two closed surfaces, each of which is an anallagmatic, and divided by U into 
two parts. The points where W cuts U are the points of contact of the common tangent 
developable circumscribed to U and F. 

S"*. When the developable is real and the sphero-quartic of intersection of U and F 
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consists of one oval, W consists of one closed surface which is divided into two parts 
byU. 

4''. When U touches F, the pomt of contact will be a nodal point on the cyclide, the 
cone of contact with the cyclide being real or imaginary according as U touches F on the 
concave or convex side of F (see art. 76). 

Cor. If a cyclide has either a real or imaginary conic node (contracted by Professor 
CAYLEYinto cnic-node), it arises from a real double point or a conjugate point on one of 
its focal sphero-quartics. 

S"*. When U has stationary contact with F, the point of osculation will be a biplanar 
node on the cyclide. In this case the cyclide will be the inverse of a non-central quadric 
(see art. 76). 

6^ When U has double contact with F, the cyclide will be binodal. 

7"". When U is inscribed in F (that is, when XJ touches F along a circle), the cyclide 
will break up into two spheres. 

187. Double Tangent Cones. — Let us consider a cyclide whose focal quadric is F ; then, 
taking the limiting points P, P^of U and any tangent plane to F, the generating sphere 
through P, P^ will become a plane if its centre be at inl&nity, and the locus of the points 
P, F will evidently be a sphero-quartic, which is given as the intersection of a sphere 
concentric with F, and a cone whose edges are perpendicular to the tangent planes of 
the asymptotic cone of F, the vertex of the cone being the centre of TJ; this cone will 
be a double tangent cone. Hence we have the following theorem \—Emry cyclide has 
as many double tangent cones as it has focal guadrics. 

188. The lines of intersection of a cyclide with its spheres of inversion are lines of 
'curvature on the cyclide . 

For let us consider any point on the cuspidal edge of S? the developable which circum- 
scribes U along WU ; then that point is the centre of an osculating sphere of W (see 
art. 169). Hence WU is a line of curvature on W. 

Cor. 1. The cuspidal edge of 2 is a geodesic on the surface of centres of W. 

Cor: 2. The sphero-quartic reciprocal to W with respect to U^ (that is, to a^+/3^ -f- y^+ S^) 
is such that the focal sphero-quartic of W lying on the sphere U is a line of curvature on it. 

189. Binodal Cyclides of a Cyclide. — We have seen (art. Zo) that the cyclide W may 

be written in five different ways, (L), (XL), (III.), (IV.), (V.). Now taking the first (I,), 

its equation is 

(6^-^>)/3'+(a-^)7^+(a~-^)S^+(a~^)g^=0, 

and the square of the corresponding sphere of inversion is ]3^ + 7^ -h ^^ + s^ ; and eliminating 
in succession each of the four letters /3^, y% S^ s^, we get four binodal cyclides, each 
touching W along the line of curvature WU. Hence every cyclide has in general four 
times as many binodals inscribed in it as it has spheres of inversion. 

190. The imaginary circle at infinity is a fiecnodal curve on the surface of centres of 
a cyclide. This proposition is an extension of art. 52 in ' Bicircular Quartics.' It is 
proved as follows : — It is evident that the normal at any point of the imaginary circle at 

MncccLXXi. 4 X 
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infinity lies in the plane tonching the cy elide along a tangent line to the circle at infinity ; 
hence the tangent plane to the cyclide is also a tangent plane to the surface of centres. 

Again, the sphere of curvature at any point P of a cyclide is the quadric through the 
imaginary circle at infinity and through four consecutive points at P ; if P be any point 
on the circle at infinity, this quadric is indeterminate, and the pole of the circle at 
infinity is any point on the tangent plane at P. Hence any point on the tangent plane 
may be regarded as a point of intersection with a consecutive tangent plane ; in other 
words, the tangent plane to the cyclide at any point along the imaginary circle at infinity 
is a stationary tangent plane to the surface of centres. 

Cor. If the imaginary circle at infinity be a cuspidal curve on. the cyclide, it will be 
a cuspidal curve on the surface of centres of the cyclide. 

191. The points of contact of tangent lines from any point to a cyclide of the fourth 
degree W are the points of intersection of W with the polar cubic of the point ; but this 
polar cubic is evidently a cubic cyclide. Hence the tangent cone which circumscribes, a 
cyclide and has any point for vertex reduces to the eighth degree hy rejecting the square of 
the cone to the imaginary circle at infinity. Or thus :— Draw any plane through the vertex 
of the cone ; this plane will cut the cyclide in a bicircular quartic ; and this quartic being 
of the eighth class, eight tangents can be drawn to it from the vertex of the cone. 

192. Class of Tangent Cone. — ^Let V be the vertex of the tangent cone and V any 
other point, then the class of the tangent cone is plainly equal to the number of points 
common to W and the polar cubics of the points V, V^ Here we have three cyclides 
to consider, viz. W and the polar cubics. Let F, G, H be their focal quadrics ; then F, G, 
H have eight common tangent planes; and corresponding to each common tangent plane 
there will be a pair of inverse points common to the cubics ; therefore through the line 
V V^ sixteen tangent planes can be drawn to the cone ; the class of the tangent cone is 
therefore sixteen. 

193. The equation of the tangent cone from any point to a cyclide may be found as 
follows. Taking the point which is to be the vertex of the cone as origin, let the 
equation of the cyclide in Cartesian coordinates be written in the form 

A(^+3^^+^?+4B(^'+/+^') + 6C+4D+E=0, .... (132) 

where A, E are constants, 

'B^s-^-my+nz^ 

D^jpX'\-gy-{-rZy 

C=(a, 5, c,fg,hXw,y, zf. 

In polar coordinates this becomes, by putting §cos «=^, §cos ^=y, fcos y=^, and 

putting for shortness 

B^ ^ cos cd+m cos ^+^ cos y, 

D'=j? cos (x^-^g cos j3+r cos y, 

C'=(a, 5, c,f g, hX^osa, cos^, cosy^), 

Aq'+iB^f+QO^+iNq +E=0 ; 
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forming the discriminant of this and returning to ^5 j^, coordinates, we get the equation 
of the tangent cone to be 

P-.27P==0, 133) 

where 

I=A'E(s'+f+zJ+4:BB{w'+f+z')+SC\ . (134) 

J=ACB(w'+f+zJ+2BCB(w'+f+z')--ABXw'^ (135 

194. From the form of the equation of the tangent cone, P— 2 7P=0, it has twenty-four 
cuspidal edges ; but from the forms of I and J we see that they have respectively, with the 
imaginary circle at infinity, contacts of the first and second order at each of the points 
where the cone C meets that circle. Hence the cuspidal edges coincide six by six with 
the four lines from the origin to these imaginary points ; and it hence follows that, when 
we omit the factor (w^+f -j-z^ in the equation (133), the remaining part, which represents 
a cone of the eighth degree, has no cuspidal edge. This equation is 

A^E^g^-12A^BDE^§^ 

^(6AB^D^E + 18A^G^F-.54A^CD^E+27A^D*-54AB^CF+27B^E^)^^ 

-(180AB^C^DE-108ABCD^+64B^D^)g^ 
-^(54AC^D^-81AC^E+54B^eE+36B^eD^)=0- 

In this equation for shortness we have written f for ^^+^^+^^' 

Cor. If the origin be on the cyclide E=0, and the tangent cone reduces to the square 
of the tangent plane to the cyclide at the origin and a cone of the sixth degree, 

27A^DY + 4BD(16B^~27AC)§^-18C^(2B^+3AC)=0. . . . (137) 

195. The cone J is such that every edge of it is cut harmonically by the cyclide; and 
therefore, if any edge of it meet the cyclide in two coincident points, there must be a 
third point coincident ; therefore, since the imaginary circle at infinity is a double line on 
the surface, the points where J meets it are such that every edge which passes through 
it is an inflectional tangent. Hence from any point can be drawn to a cyclide twelve 
lines, which are inflectional tangents to it at the imaginary circle at infinity ; and these 
lines are distributed into four sets of three lines each, each triad consisting of three con- 
secutive lines. 

196. If the cyclide W has a double point, its class is diminished by two ; if it has a 
biplanar node, its class will be diminished by three ; if it has two nodes, its class will 
be diminished by four. The following Table contains the singularities of the tangent 
cones for each of these cases : — 



(136) 



No node. 


Conic node. 


Biplanar node. 


Two nodes. 


m 8, 


m 8, 


m= 8, 


m 8, 


n 16, 


n =14, 


n — 13, 


J^-12, 


z - 0, 


a — 6, 


;k - 9, 


X — 8, 


I -20, 


§ =12, 


I - 8, 


I =10, 


I -24, 


; =24, 


; —24, 


i -20, 


r -80, 


r -51, 


T -38, 


r -32. 



4x2 
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Sectiok II. — Focal Qiiadric a Sphere. 

197. When the focal quadric is a sphere, the cyclide has the imaginary circle at 
infinity as a cuspidal edge ; on this account we shall call the surface a Cartesian cyclide. 

Figure of the Surface. 

V". When U is external to F, W consists of two distinct sheets, each intersecting XJ 
in a circle. Each sheet is a closed surface. 

2^. WhenU is internal to F, W consists of one sheet internal to U, and another sheet 
the inverse of the former, and therefore external to U. Each sheet is a closed surface. 

S"". When U intersects F, W consists of one sheet; this intersects U in one real circle 
and another imaginary circle. The sheet is a closed surface. 

4.^ When U touches F internally, W has a conic node, the tangent cone to W at the 
node being a real cone of revolution. 

S"". When U touches externally, W has a conic node at which the tangent cone is 
imaginary. 

6"". When U reduces to a point, W is the pedal of a sphere, and is therefore the inverse 
of a quadric of revolution from the focus. 

198. In the annexed diagram, which is supposed to be a plane section through the 
centres of U and F, let B, C and A, D be the opposite pairs of the intersections of the 
tangent cones circumscribed about U and F made by the plane of the section, then the 
spheres F, W concentric with F, and passing respectively through B, C and A, D, are 

Fig. 5. 




focal spheres (see art. 34) of the Cartesian cyclide ; for the developable circumscribed 
about U and F reduces in this case to two cones of revolution, and the nodal lines of the 
geometric system composed of the two cones are two circles which are intersected by the 
plane of the section in B, C, A, D and the vertices of the cones. Hence the line O H 
passing through the two vertices must be regarded as a limiting case of an hyperboloid 
confocal with the spheres F, F', W (see art. 106). Hence the focal quadrics of a Carte- 
sian cyclide are three concentric spheres and a straight line through their centre. 
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199. Let OH intersect AD and B C in P and Q, then P and Q are the limiting points 
of U and F ; and if we denote the radii of U and F by r and E, we have G P . O Q=r^, 
and HP . HQ~R^; but since the lines AG, AH are evidently the bisectors at A of the 
supplemental angles made by the tangents, they are at right angles to each other, and 
in like manor the lines GB, BH are at right angles to each other. Hence the points 
Q and G are inverse points with respect to P, and P and G with respect to F^'. Again, 
it is easy to see that Q and G are inverse points with respect to the imaginary sphere 
U^ whose centre is P, and which cuts U orthogonally, and P and G with respect to U^^ 
whose centre is Q, and which cuts U orthogonally. Hence the limiting points of IJ^ and 
F' are the centres of U^^ and U; the limiting points of U'^ and F^ are the centres U and U^- 
so that the limiting points of any U and its corresponding F are the centres of the two 
remaining U's or spheres of inversion. 

200. The centres of inversion of a Cartesian cyclide are foci of the surface. 
Demonstration. Let the equations of U and F be 

^^+/+^^=^^ and (^4-^f +/+^^=E,^5 
then the perpendicular GT let fall from G, the centre of U on a tangent plane to F, is 
evidently equal to E — a cos ^^ where 6 is the angle which the perpendicular makes with 
the axis of ^; and if P, F be points on GT such that GP-TP^=GT^-TP'^=r^ then 
P5 P' are points on the Cartesian cyclide ; and denoting GP by f , we have 

2(E— ^cos^)g=:r^+§', 

or 

2E§ =^^ -fjif^ +2^^+2a^+^^ ; 
that is, 

4E^(^^+3/^+^^)=(^^+/+;s2+2a^+f^). . . . . . (188) 

Hence ^^+ 2''^+^^= is an imaginary cone chxumscribed to the cyclide. Hence the 
centre of U is a focus of the surface. 

201. The equation (138) may evidently be written in the form S^=5^L, where S is 
a sphere and L a plane, showing that the imaginary circle at infinity is a cuspidal edge 
on the surface. 

The equation of the sphere S is found to be 

^'+2^'+^'+2^^+r'-2E^=:0 ; 

and this is concentric with the focal spheres F, F^, F'^ ; but the centre of S is a triple 
focus, as appears from the equation S^=5^L. 

Hence the common centre of the three focal spheres ^^ P, F'' is the triple focus of 
the Cartesian cyclide. The Cartesian cyclide has a tangent plane which touches it along 
a circle ; the plane is L ; and the circle of contact is the circle of intersection of S and the 
plane L. 

202. Since being given the sphere of inversion U and the focal sphere F the Carte- 
sian cyclide is determined, we see that a Cartesian cyclide is determined by eight con- 
stants. The same thing appears from the equation S^=:5^L. From this equation also 



664 DE. J. CASEY ON CYCLIDES AND SPHEEO-QUAETICS. 

we see that if a Cartesian cyclide be intersected by any plane the curve of intersection 
will be a Cartesian oval ; for the equation will be of the form S^=bH^ where S and I denote 
the circle and line in which the sphere S and the plane L are intersected by the plane. 

203. From the equation (138) we see that the Cartesian cyclide is the envelope of 
the variable sphere 

and if we form the discriminant of this, we get 

(l+^)^{(l+f>^XF'+l^'I^')-^y} = (139) 

Now the factor (l+iW;)^=0 gives f>(;= — 1; and for this value of (x^ the variable sphere 
becomes a plane, namely the tangent plane which touches the cyclide along a circle ; 
the remaining factor, 

(l+f>o)(^r^+f>om^)-ay=0, (140) 

gives three values of ^oo, for each of which the variable sphere becomes an imaginary cone 
(that is, a point sphere), showing that there are three cbllinear single foci along the axis 
of the cyclide. The value f>(;=0 shows that the origin is a focus, which we knew before ; 
and the values giving the other foci are the roots of the quadratic 

|W.^R^+^(E^+r'-a^)+r'=0. .......... (141) 

204. Since the equation 

^2^2/'+.^'+K^'+J/'+^'+2a^+^')+i^'K'^0 

is that of a sphere into whose equation an arbitrary constant enters in the second degree, 
its inverse with respect to any point will be a sphere into whose equation an arbitrary 
constant enters in the second degree ; that is, the inverse of a Cartesian cyclide will he a 
cyclide generated as the envelope of a variable sphere whose centre moves along a plane 
jDonic. It will therefore he a hinodal cyclide. 

This also appears from the fact that the inverse of a focus is a focus; and since the 
Cartesian cyclide has three collinear single foci, the inverse surface will have four con- 
cyclic single foci, namely the inverses of the three collinear foci and the centre of 

inversion. 

205. If we differentiate the equation (138) of the generating sphere with respect to yj, 

we get 

and if from (l+f^) times this result we subtract the equation (138), we get 

2a^+r^+(2i^+F>')R'==0. 
Hence the Cartesian cyclide is generated as the locus of the curve of intersection of the 

ST)here 

^2^y2_|.22_^2a^+r'+2/AE' . (142) 

with the plane 

2a^+r^+(2f*4-p')R'=0 (143) 

From this it follows that a Cartesian cyclide is a surface of revolution — a fact which 
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we knew otherwisej it being the surface generated by the revolution of a Cartesian 
oval about the axis passing through the three coUinear single foci. 

206. In order to find the equation of the cone whose vertex is any point w^^ j/-, z\ and 
which stands on the circle of intersection of the sphere (142) and the plane (143)5 let 
us suppose ^^^5 yV^'^ to be any point on a radius vector from w'^ y\ z^ to any point of the 
circle ; then, if the circle divides the distance between these points in the ratio I : m, we 

must substitute, by J oachimstal s method, —^ ..^™™£«- i-L-m" ^' ^' ^ ^^ ( ^^ 

(143); the results will be of the form 

PS'+2lm'P+m'S'=0, and W+mL'=0; 

hence by eliminating I : m and suppressing the double accents, we get the required 
equation after restoring the values of S^ P, &c. : — 

(2aw + r' + {2iM + [M')'RJ{w^'+y'' + z" + 2aw^ +r'+ 2(mW) 
^2{2aw+r'+{2iM+iM')B.%2aw^+^ [(144) 

+{2aw^+r'+(2iM+[ju')W)(w'+f+z^+2aw+r'+2^^^^ 

207. Since the equation (144) involves the undetermined f^ in the fourth degree, its 
discriminant with respect to (jb will involve ^, ^, z in the twelfth degree, and this discri- 
minant will be the equation of the tangent cone ; but this will contain as a factor the 
cube of the imaginary cone from (^', y', z') to the imaginary circle at infinity (see 
Salmon's ' Geometry of Three Dimensions,' art. 521). Hence the reduced degree is six ;; 
and it can be shown, as in art. 94, that the reduced cone has no cuspidal edges. 

We can show otherwise that the reduced degree is six ; for any section of the cyclide^ 
made by a plane through the vertex of the cone is a Cartesian oval, and the class of a. 
Cartesian oval is six ; the degree of the cone therefore is six. 

208. Class of Tangent Cone,— Let us take the equation S^=5^L and find the polar 
cubic of the point w', y\ z\ This will be of the form 

and eliminating l^ between this and the equation S^=^^L, we get 

did 

and since the operation ^^^+yx+^^^ performed upon L reduces it to a constant, and 

performed upon S reduces it to a plane, this equation represents a quadric. Hence it 
is easy to see that the points of contact of tangent planes drawn through a line to the 
tangent cone are the intersections of three surfaces of the degrees 3, 2, 2 ; hence the 
class of the tangent cone is 12 ; and we have shown that its degree is six, and that it has 
no cuspidal edges. Hence all the singularities are determined. 
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* 

SECTioisr III. — Focal Quadric a Paraboloid 

209. When the focal quadric is a paraboloid, the cyclide becomes a cubic surface 
passing through the imaginary circle at infinity. The varieties of this surface corre- 
spond to those of quartic cyclides, and may be briefly enumerated as follows : — 

l"". When the developable circumscribed to U and F is imaginary, the surface consists 
of two sheets, one of which is a closed surface passing through the centre of U 
and altogether within U. The other sheet, which is its inverse of the first, is an open 
sheet, extending to infinity, which it intersects in a right line. The case considered 
here would occur if F were an elliptic paraboloid, and U in the concavity of it without 
meeting it. 

2"". When the developable is real the surface consists, as in l"", of two sheets, one of 
which is a closed surface and passes through the centre of U, the other sheet is infinite. 
Each sheet intersects U ; and the part of each sheet internal to U is the inverse of the 
external part. 

S"". When U intersects F in a single oval, the cyclide consists of one infinite sheet pass- 
ing through the centre of U. 

4''. When U touches F, we have to consider separately the cases where Fis an elliptic 
paraboloid and where a hyperbolic paraboloid. 

If F be an elliptic paraboloid, and U touch it on the convex side, the cyclide has a 
conic node, whose tangent cone is imaginary. 

If U touch F on the concave side, the cyclide has a node whose tangent cone is real ; 
and if U touch F at an umbilic, the tangent cone to the node is one of revolution : 
lastly, if U osculate F at an umbilic, the tangent cone becomes a plane ; that is, each sheet 
of the cone opens out into a plane, and the node is a biplanar node whose planes coin- 
cide. In the case where F is a hyperbolic paraboloid, when U touches it we have a 
conic node whose tangent cone is always real, but which becomes a pair of planes if U 
osculate F. 

5". When U has double contact with F, the cyclide will be binodal. 

210. In the examination we have given in this and the previous sections of this 
chapter, we have seen that a cyclide of any class can have but three species of node 
(namely, the conic node, the biplanar node, and the uniplanar node), and that these corre- 
spond respectively to ordinary contact of the sphere of inversion and the focal quadric, 
oscular contact, and oscular contact at an unibilic. From this it follows that a cyclide 
can at most have but two real nodes ; and if it has two, they must be conic nodes ; for if 
it had a conic node and a biplanar node, U should touch and osculate F at the same 
time ; that is, U should intersect F in a quartic curve having a double point and a cusp, 
and the plane through the cuspidal tangent and the double point would intersect a 
quartic curve in five points, which it cannot do ; and of course a cyclide cannot, for a like 
reason, have two biplanar nodes. 

By a diff'erent mode of reasoning it may be shown that a cubic cyclide cannot have three 
real nodes ; for if it had, the plane through the nodes must intersect the cubic cyclide 



BE. J. CASEY ON CTCLIDES AND SPIIEEO-QITAETICS. 667 

in three right lines, and then, by inversion, from any point in the plane we should haye 
the absurdity of a quartic cyclide being intersected by a plane in three circles. 

211. Parallel Tangent Planes. — ^Let us consider a cubic cyclide whose sphere of inver- 
sion is U and focal paraboloid F. If P, P^ be the limiting points of U and the tangent 
plane to F at infinity, then of the two points P, P^ one must be at the centre of TJ and 
the other at infinity ; and it is plain that the generating sphere which touches the cyclide 
at P, F must break up into two planes, namely the tangent planes to the cyclide at 
P, P^ The tangent plane at the centre of U must evidently be parallel to the principal 
plane of the paraboloid which does not intersect it in a parabola; and since the cyclide 
has five centres of inversion, we see that every cubic cyclide has five parallel tangent 
planes^ and these are the five tangent planes which can he drawn to a cubic cyclide from 
the line at infinity on the cyclide. Hence we infer the following theorem \—The five 
tangent planes to a cubic cyclide from the line at infinity on the cyclide have the five 
centres of inversion as points of contact. 

212. The property of the last article may be shown otherwise. Thus, consider any 
quartic cyclide ; then at any point Q five generating spheres touch, namely one belonging to 
each of the five systems of generating spheres. Now, since a generating sphere intersects 
a cyclide in two circles, if we invert the quartic cyclide from the point Q we get a 
system of five parallel planes, each intersecting the cubic cyclide into which the quartic 
inverts in two lines, and therefore having the points of intersection of these lines as 
points of contact with the cyclide. 

213. The section of a cubic cyclide made by a plane passing through any line on the 
cyclide except the line at infinity must consist of the line and a circle ; for it must con- 
sist of a line and a conic, and by inverting from any point the line and conic must 
invert into a bicircular quartic ; hence the conic must be a circle. 

This reasoning will not. apply in the case of a section made by a plane through the 
line at infinity ; for when we invert the line at infinity it becomes a point, which accounts 
for the double point which results when a conic is inverted ; so that when we say the 
inverse of a plane conic is a bicircular quartic, this includes the inverse of the line at 
infinity together with that of the conic. 

214. Since the five centres of inversion of a cubic cyclide form a pentahedron, such 
that, taking any four of them forming a tetrahedron, the perpendiculars of that tetra- 
hedron are concurrent and intersect in the fifth point, we see without difficulty that 
the feet of the perpendiculars of the pentahedron are points on the cubic cyclide, and 
we may easily infer the following theorem : — 

Being given eight homospheric points (say^ eight points on the sphere U), three cubic 
cyclides can be described having these eight points as foci. These cyclides intersect two 
by ttvo orthogonally^ they have the same five centres of inversion^ and each passes through 
the feet of the perpendiculars of the pentahedron. 

215. In order to find the equation of the tangent cone to a cubic cyclide from any 
given point, let the given point be taken as the origin of Cartesian coordinates, and 

MBCCCLXXI. 4 Y 
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we shall have 

W^Aix^+f-\-z^)+SB+SC+I), ......... (145) 

where 

C^px+qtj -\-rZy D^ constant; 
then, by the method of art. 193, we find the tangent cone 

G^—4ff^ discriminant xA^, . (146) 

where 

H=B^--AC(^H/+;^^). 
Hence the tangent cone is 

A^D^^^ +y'+zj + (4Ae^ ^ 6 ABCD)(^^+/ + ^^) + 4DB^ -^ 3B^C^=: 0. . (147) 

Cor. The plane A is parallel to the tangent planes to the cyclide at its centres of 
inversion. 

216. The cone G possesses the property that any edge of it meets the cyclide in three 
points, whose distances from the vertex are in arithmetical progression. Now, if we 
invert a cubic cyclide from the vertex of the cone, we get a qiiartic cyclide ; and since 
the cone G meets the cubic cyclide in points whose distances from the vertex? are in 
arithmetical progression, it will meet the quartic cyclide in points whose distances are 
in harmonical progression. Hence the cone G is identical with the cone J of article 
193, when the vertex of J is on the surface. 

217. Since a cubic cyclide is determined when U and F are given, and U is deter- 
mined by four and F by eight conditions, we see that a cubic cyclide is determined by 
4+8=12 conditions. Hence it follows that every cubic cyclide can be written in the 

form 

A6^=B/3, ...•...♦. 5 . (148) 

where A and B are planes, and a and /3 spheres; and in this form it is evident that the 
intersection of the radical plane of the spheres a, /3 with the two planes A, B is a centre 
of inversion of the cyclide. From the equation (148), being the result of eliminating 
Tc between the equations A-— ^B=0 and ^oj— /S^O, we infer that if %m have a system 
of planes passing through the same line^ and a homographic system of spheres passing 
through the same circle^ the locus of the circle of intersection of a sphere and its corre^ 
sponding plane is a cubic cyclide. 

CHAPTEE XI. 

Classification of Sphero-quartics. 

218. We have seen that if ISf^ac^+l^^-^-cf-^dh^ and U'^^H|3'+y'+^', the 
sphero-quartic WU is also the curve of intersection of the quadric Y^^ax^'\'hy^'\-cz'^-^duf 
and the sphere U^^^+^^+;s^+to^ the tetrahedron of reference being the one formed 
by the four planes of intersection of U with the four orthogonal spheres ct, /3, y, I. 
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Hence in this section we shall discuss the curve WU by regarding it as the intersection 
of V and U. 

For the purpose of classification I shall, following Caylet and Salmon, consider the 
curve (UV) as made up of points ; then the points of UV will be the points of the 
system, the line joining two consecutive points will be a line of the system, and the 
plane of two consecutive lines will be a plane of the system. If a plane of the system 
contains four consecutive points it will be a stationary plane ; and reciprocally, if four 
consecutive planes of the system intersect in a point of the system, it will be a stationary 
point Again, if a line join two non-consecutive points it will be a line through two 
points ; reciprocally, if a line be the intersection of two non-consecutive planes, it will 
be a line in two planes ; finally, if two non-consecutive lines intersect, their point of 
intersection will be a point on two lines, and their plane a plane through two lines. 
For the purpose of denoting these singularities the following notation will be used. 

Thus we shall denote by 

r, the number of lines of the system which meet an arbitrary line, 
m, 5, points of the system which lie in any plane. 

05, „ stationary planes of the system. 

^, „ points on two lines which lie in a given plane. 

^, 5, lines in two planes which lie in a given plane. 

The reciprocals of m, o&, ^, g will be denoted by the letters respectively consecutive to 
them, namely, ^, j3, y^ h 

m is called the degree of the system. 
n „ class „ 

r „ rank 
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219. The complete surface formed by the lines of the system (UV) is the developable 
A, whose properties we have discussed in Chapter VIII., the curve (UV) being the cus- 
pidal edge. Again, the developable 2 of Chapter VIII. formed by the tangent planes 
to U along the curve U V is the reciprocal of A, and the point, lines, and planes of A are 
respectively the reciprocals of the planes, lines, and points of 2, with respect to U ; so 
that when we have the characteristics of A, by reciprocation we shall have the charac- 
teristics of 2. 

220. Let us consider the cone whose vertex is at any point and which stands on the 
curve (UV). If, for the sake of distinction, we denote by Greek letters the characteristics 
of a plane curve (that is, if |6o, v, S, r, z^ / denote the degree, class, double points, double 
tangents, cusps, points of inflection of the ciuTe), then, for a cone standing on that plane 
curve, it is evident that the same letters will denote the degree, class, double edges, 
double tangent planes, cuspidal edges, and stationary tangent planes; then for the cone 
on (UV) f^=m, v=r^ S=A, r=y^ ^=^^ i=n. (See Salmon's ^Geometry of Three 
Dimensions,' art. 321.) 

4y2 
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Hence we get, by Plucker's equations^ 

(^— |3)==3(r— m), 2(^— A)=(f— m)(r+m— 9), 

221. Again, let us consider a plane section of A. Professor Caylby has shown that 
for such a section 

lj(j=r^ y=n^ ^=x^ r=g^ pc=m^ i=oc. 

Hence, from Pluckee's equations, we get 

n=:r(r—l)—2w—8m^ f=^t(^— 1)~2^— 3cc, 

cc=5r{r—2) — 6^— 8m, m=3n(n—2i)--Gg—8a. 

Whence also Dr. Salmon gets 

(m — a)=5(r—n)y 2(x—gy={r-'n)(r-lrn—9). 

It is plain this system might be got from the former by considering the cone whose 
vertex is any point and which stands on the cuspidal edge of 2, and then reciprocating. 
If we combine the equations of this article with those of the last, we get 

(cc—(5)=2(n—m)^ x—y={n—m)^ 2(^— A)=(^— m)(m+^— 7), 

since Plucker's equations enable us, being given any three singularities of a plane 
curve, to determine all the rest. The equations of this and the preceding article enable 
us, being given any three singularities of a twisted curve, to determine all the rest. In 
a succeeding article I shall point out how they may be employed to determine the sin- 
gularities of the evolute of a plane curve when three of the singularities of the original 
curve are given. 

222. Eight lines of A meet an arlitrary line. 

Demonstration, Let (LM) be the arbitrary line and P a point in (LM) where one of 
the lines of A meets it ; then it is plain, if P be the common vertex of two cones tan- 
gential to U and V respectively, one of the four common edges of the two cones will be 
a line of A, and also that the intersection of the polar planes of P with respect to U 
and V will pass through the curve UV. Now the intersection of the polar planes of 
U and V with respect to all the points of LM is a quadric. For let ^', y'^ ^^ w\ 
x^\ y^\ z^\ w'^ be any two fixed points on (LM), and U', U^^, V^, V^' be their polar planes 
with respect to U and V ; then the coordinates of any other point on (LM) will be 
Iv^+mw'^, hj+my^\ h^+mz^\ M+mw^^, and therefore the polar planes will helW+mXJ^^^ 
rSf'^mY'', and, eliminating linearly, the locus required is U'V^^— U'^V'=0, a quadric 
which intersects the curve UV in eight points. Hence the proposition is proved. 

223. The eight planes determined hy the line LM with the eight lines of IS. lohich meet 
it are tangent planes to the reci'^rocal of the quadric W'N^^ —WW with respect to U. 
For since eight lines of A meet LM, eight lines of % meet the polar line of LM with 
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respect to U, and the eight planes are the reciprocals of the eight points of meeting; 
but these eight points of meeting lie on a generator of U'V — U^'V. Hence the propo- 
sition is proved. 

Cor. 1. The line LM is a generator of the reciprocal of U'V— XJ^'V. 

Cor. 2. The quadric U'V— U^'V is the hyperboloid generated by the polar lines of 
LM with respect to all the quadrics of the pencil U+^V. In fact the polar lines form 
one system of generators, and the intersection of the polar planes of art. 222 the other 
system of generators. 

Cor. 3. The eight planes of art. 222 are homographic with the eight points in which 
the corresponding lines of A meet LM. 

224. From art. 161 it is evident that ^ has sixteen stationary points. These are the 
points of contact with N, N', W\ W of the common tangents of J and N, J', N' ; J'^ W; 
j///^ ]Vf///^ Hence it follows that A has sixteen stationary planes. Hence we have three 
of the characteristics of A ; for m evidently is equal to 4, and r =8 from art. 222. There- 
fore we have 

m=:4, C6 = 16, r=8. 

Hence by Cayley's equation we get 

^^==12, j3=:0, ^=16,y:==8, ^=38, ]i=2. 

225. "We can now show the connexion which exists between the singularities deter- 
mined in the last article and those of bicircular quartics. Let us suppose a cone whose 
vertex is any point on U, and which stands on UV ; then for such a cone we have the 
singularities (see art. 220) 

^.=4, ^=8, ^=2, r=8, ;^=0, /=12; 

but if we invert the sphere U into a plane, taking the vertex of the cone as centre of 
inversion, UV will be inverted into a bicircular quartic, which will be the curve of inter- 
section of the cone with the plane into which U inverts, and therefore having the same 
singularities as the cone. The numbers here determined are therefore the singularities 
of a bicircular quartic (see ' Bicircular Quartics,' art. 46). 

226. Again, to show the connexion with the evolute of a bicircular, let us consider a 
plane section of A ; the characteristics are (see art. 221) 

^=8, //=12, ^=16, r=:38, z=i, /=16. 

Now the cone whose vertex is the pole with respect to U of the plane of sections, and 
which stands on the cuspidal edge of S, will be the reciprocal of the section ; and if the 
plane of section be a tangent plane to U, its pole will be a point on U ; therefore the 
singularities of this cone will be 

f^=12, 1^=8, ^=38, r=16, ^=16, i=4.; 

but when the sphere is inverted into a plane as in the last article, it has been shown in 
art. 92 that the cone here considered, viz. »the one standing on the cuspidal edge of S, 
intersects the plane into which the sphere inverts in the evolute of the bicircular into 
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which UV iiiTerts ; consequently the evolute has the same singularities as the cone (see 
art. 51, ' Bicircular Quartics'). 

227. If U and V touch, the singularities of A are (see Salmon's ' Geometry of Three 

Dimensions,' art. 342) 

m=4, ff=Q, /3=0, 

n =Q^ ^=3, ^=6, 

r =65 05=4, ^=4. 

Hence, by the method of the last two articles, we get for the bicircular and its evolute 
the following singularities : — 

Bicircular, /a=4, i/=zQ^ ^=:3, r=:4, z=Oj /=6. 
Evolute, ^=6, v=6^ ^=6, r=6, pc=4:, i=L 

This bicircular is the inverse of an ellipse or hyperbola ; and the characteristics of the 
bicircular are the reciprocals of the characteristics of the evolute of an ellipse or 
hyperbola. 

228. If U and V osculate, we have (see Salmon's ' Geometry of Three Dimensions,' 

art. 342) the singularities 

m=4, ^=2, /3=1, 

71 =4, A=:2, ^=2, 

T =5, 05=1, y=2. 
Hence for the bicircular and its evolute we get 

Bicircular, /^=4, y=:5, S=2, r=2, z=zl^ /=4. 
Evolute, i5/'=4, y=5, ^=:2, ^=2, ;^=1, /=i:4. 

This bicircular is the inverse of a parabola; and we see that it has the same characteristics 
as its evolute (see foot-note, art. 70, ' Bicircular Quartics'). 

229. By considering special sections of A and % we get, as in the preceding articles, 
the singularities of bicircular quartics, Cartesian ovals, circular cubics, and the evolutes 
of these respective species of curves. The reader who has followed out the method of 
reasoning in recent articles can easily account for the result in each case. In order to 
save space, I shall give only the^'particular cone whose intersection with the inverse of 
the|sphere U gives the bicircular and the evolute. The numbers for the several cones 
are taken from Salmon's ' Geometry of Three Dimensions,' art. 324 (see also Cambridge 
and Dublin Mathematical Journal, vol. v. p. (23)-(46)). 

I. When U and V do not touch. 

1^. Cone whose vertex is a point of the system A : 




A circular cubic of the sixth class. 
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2^ Cone whose vertex is a point on two lines of A : 




A Cartesian oval, sixth class. 



3"*. Cone whose vertex is a point on a line of '^ and which stands on the cuspidal 
edge of 2 : 

y= 7, r= 2, J^ Evolute of circular cubic of sixth class. 
;= 2, ^=37. 

4*". Cone whose vertex is a point on two lines of 2 and which stands on the cuspidal 
edge of^: 

p=z 6, r= 9, )> Evolute of Cartesian oval of sixth class. 
/= 0, §=36. 

II. When U and V touch. 

1^ Cone whose vertex is a point of A : 




A circular cubic of fourth class. 



2"". Cone whose vertex is a point on two lines of A : 




A Cartesian oval of fourth class. 



S"". Cone whose vertex is a point on a line of ^ and which stands on the cuspidal 
edge of %: 

v=5^ y==4:, > Evolute of circular cubic of fourth class. 
/=2, §=5. J 

4^ Cone whose vertex is a point on two lines of % and which stands on the cuspidal 
edge of S : 

p=z4:, r=35 y Evolute of Cartesian oval of fourth class. 
/=0, ^=4. 
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III. When U and V osculate. 

1^ Cone whose vertex is a point of A : 




Circular cubic of third class. 



2^. Cone whose vertex is a point on two lines of A : 

i;z=:3, r^rl, > A Cartesian oval of third class— that is, a cardioide. 

;zz:0, ^=0. J 

S"*. Cone whose vertex is a point on a line of ^ and which stands on the cuspidal 
edge of % : 

if=4c, r=l5 y Evolute of circular cubic of third class. 
/=2, ^=1, 

4:"". Cone whose vertex is a point on two lines of X and which stands on the cuspidal 
edge of X : 

^=3, T^:!, > Evolute of a cardioide. 

/=:.0, ^=0. J 

230. If a plane curve whose degree is N be inverted from any point out of the plane 
of the curve, it will invert into a twisted curve, whose characteristics are easily found. 

l"". Let us suppose that the plane curve does not pass through the circular points at 
infinity. Then, since the curve passes through N points at infinity, the inverse curve will 
have this order of multiplicity at the origin of inversion ; and since the plane of the curve 

will invert into a sphere, the inverse curve will be the intersection of two surfaces of the 

N(N — 1) 
degrees N and 2 respectively, having a multiple contact equivalent to ^ — - points 

of ordinary contact. Hence we have m==2N, /3=:0, 2A=3N^--3N (see Salmon, p. 273). 
Hence, by Cayley's equations, 

r= N^+N, ^^=3N^-3N, 2j/=N^ + 2N^-9N^+6N, 

^=:6N^^10N, 2^^==N^+2N^--3N^-4N, 2^=9N^-~18N^-13N^+82N. I 

231. Next, let us suppose that the plane curve passes k times through each of the 
circular points at infinity ; then it is easy to see that the inverse curve will be the inter- 
section of a sphere and a surface of the degree N — ^. Hence ^ve have in this case for 
determining the singularities, w=2(N—- /^), (3=0, and 2/£:=:8N^--8N/^-|-6/^^— 8N+4^. 
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Hence by Cayley's equations we get the following results for the other singularities : 

^=3N^- 6yE;^-3N, 

2x=: W+ 2N^- 3N^^ 4N^4(N^+N-~2)>&-4(N^+N-3)>&H8y^^ + 4/^^ 
2^^=9N^-18N-^-13N^+32N-10>^-4(9N^-9N-ll)/^^+36/&\ 

We can easily verify these results in the case of N=4 and ^=2, which is that of a 
bicircular quartic; they give the results previously obtained (see art. 224). 

232. Let us now find the singularities of the cone whose vertex is the point we invert 
from, and which stands on the inverse curve. The vertex of the cone is a multiple point 
on the curve, the degree of multiplicity being of the order N— 2^; but since the twisted 
curve is of the degree 2N— 2^, and the multiplicity of the vertex is N— 2^, it follows 
that the degree of the cone is N, .*. [Jj='N. Again, the class of the cone is the same as 
the number of tangent planes which pass through an arbitrary line through the vertex ; 

and using the value of r in the last article we get 

^^N^_N-2^(^-l), and k=[3=0. 

Hence by Pluckee's equations the other singularities of the cone are determined. It is 
evident we could get all these results at once, since evidently the singularities of the 
cone are the same as those of the original plane curve ; but getting them as done here 
verifies the equations of the last article. 

233. Let us find the singularities of the section of the developable circumscribed to 
the sphere into which the plane inverts along the inverse curve made by the tangent 
plane to the sphere at the origin of inversion. The characteristics of the developable 
considered here are got from those of art. 231, by leaving r unaltered and by changing 
m, «, g, oc into n^ |3, A, y, and vice versa; and the plane in question will be a plane of 
multiple contact of the degree N— 2^ ; that is, it will touch the developable along N--2^ 
lines, and will intersect it besides in a curve of the degree 

^„2(N-2y^)zz=N^--N-2y5;(y&--l). 

We have therefore 

^=N(N-~.l)-2>^(^-l). 

The class of the curve is determined by the number of planes of the system which can 
be drawn through any point of the section ; and since in this case N— 2^ planes coincide 
with the plane of the section itself, the number of remaining planes ^=N, and w^e have 
/=a=0, and by Pluckee's equation the remaining characteristics can be found. These 
results are the reciprocals of those found in the last article, as they evidently ought to be. 

234. The most important problem in this inquiry is to find the singularities of the 

HDCCCLXXI, 4 z 
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cone whose vertex is the origin of inversion, and which stands on the cuspidal edge of 
the developable formed by the tangent planes of the sphere along the inverse curve — that 
is, the sphere into which the plane inverts. These singularities will be those of the 
evolute of the original plane curve. 

The singularities of the developable will be got by the changing of letters as in the 
last article. Since the origin is a multiple point of the degree N— 2^, therefore the 
class of the cone will be r — (N— 2^)=:N^— 2y^^, since it is evident that, in finding the 
number of lines of the system which meets an arbitrary line through the vertex of the 
cone, we must subtract from the rank of the system the number denoting the multiplicity 
of the vertex. 

Since any arbitrary plane meets the cuspidal edge in a number of points equal to the 
degree of the system (that is, 3N^ — 6F— 3N), it is evident the degree of the cone is equal 
to this number diminished by N— 2^; therefore the degree of the cone is 

3N^--6y&^-4N + 2^. 

Again, the cuspidal edges of the cone will be equal to the number of stationary points 

of the system — that is, equal to 

6N^-12y^^-10N+4y^. 

In order to find the corresponding singularities for the evolute, we must plainly add 
N— 2yi[; to the last two singularities; for, N— 2>^ branches of the inverse curve passing 
through the origin of inversion, each branch will add one to the number of cusps, and 
one to the degree, and we shall have for the evolute of a curve of degree N which passes 
Tc times through each of the circular points at infinity, but which has no finite double 
point or cusp, the following singularities, 

Class = N^- 2)5;^ 

Degree =3N^-~ 6y^'-~3N, 

Cusps =m^~Vl¥-m^l'k\ 

and by Plucker's equations the other singularities can be determined. 

By putting N=4 and i^=2, we find class, degree, and cusps of a bicircular quartic to 
be 8, 12, 16, and our formula is verified for the bicircular. 

Again, putting N=3 and ^=1, we find the numbers for the circular cubic to be 7, 
12, 17, which we know otherwise to be the characteristics for the evolute of a circular 
cubic. If we put ^=0 in the above formulse, the numbers coincide with those in 
Salmon's higher curves. 

The foregoing numbers are to be modified when the curve of the Nth degree has cusps 
at the circular points at infinity. In that case for each cusp at a circular point at 
infinity the class of the evolute will be diminished by unity, and the number of its cusps 
increased by unity, the degree remaining the same. If the original curve had finite double 
points or cusps, the surfaces, viz. the sphere and the surface of the Nth degree, will have 
ordinary contact for each double point on the curve, and stationary contact for each 
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cusp ; and we see that there is no difficulty in completing the investigation — that is, being 
given the degree, the finite double points or cusps, and the double points or cusps at 
the circular points at infinity of a plane curve, to find the characteristics of the evolute. 



CHAPTEE XII. 

S^plierO' Cartesians, 

235. If a Cartesian cyclide be intersected by any sphere, I shall call the curve of 
intersection a sjphero-C artesian. It is evident, if the intersecting sphere become a plane, 
that the sphero-Cartesian will become a Cartesian oval. We have seen that, being given 
a sphere U and a quadric F, the cyclide which has U for a sphere of inversion and 
F for a focal quadric will intersect U in the same sphero-quartic as the reciprocal of F 
with respect to U intersects U. Now, when F is a sphere its reciprocal with respect to 
U is a quadric of revolution. Hence we have the following fundamental theorem : — 

A sphero-Cartesian is the curve of intersection of a sphere and a quadric of revolution. 

236. The focal sphero-conics of a sjpherO'Cartesian are circles. 

Demonstration. Let the sphero-Cartesian be the intersection of the sphere U and 
quadric V. Then, since V is a quadric of revolution, the cones which can be described 
through (UV) have but one system of circular sections, and therefore the cones reci- 
procal to them have but one system of focal lines ; but the reciprocal cones wdth respect 
to U intersect U in the focal sphero-conics of UV ; therefore the focal sphero-conics of 
UV are circles. 

237. One of the four cones through (UV) is a right cylinder on a paraholic hase^ the 
jplane of the base leing ^erj^endicular to the planes of circular sections ofY. 

Demonstration. Let 



a^ 



then 

V^a''Y^4:ocx+4:(3i/+(z + yy'^^(z-yy+a'-r'=0, 

and this will be of the form 

a^z'+f9/+d=0 

by a change of axes. Hence the proposition is proved ; or we may show it thus : the 
biquadratic 

"' I ^' J- y' 1-1- g' 

(see Salmon's ' Geometry of Three Dimensions,' page 146), whose roots are the values 
of X, for which 

4z2 
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represents a cone, reduces to a cubic when r<j=^5 showing that in this case there are only 
three cones. 

Again, the equation 



Ma? . AJ/32 , ^_ ^^ ^ , ^ 



which is the biquadratic for the paraboloid a^^ + %^+2fj^=0 and the sphere 

becomes a cubic when a:=l, 

238. If a s^herO'C artesian he projected on the plane of circular section ofYhy lilies 
parallel to the axis of revolution^ the projection will he a Cartesian oval, 

Demonstration, Let 17^.2^^+2/^+^^— ^^=0? 

^ — a? ^ a^ ^ c^ •^"~^- 

Now, putting ^^+^^— r^s — S and c'^il—- — 2 j^S', these equations are equi- 
valent to ;3;— 8^=0, ^— y— -S'^—O. Hence, eliminating z^ we get the equation of a Carte- 
sian oval. 

239. If a plane parallel to the planes of circular section ofY intersect U and V in 
fAVO circles u and v, the locus of the radical axis of u and v will be the cylinder on the 
parabolic base. 

Demonstration, Put z=k in the equations of U and V, and we have their sections by 
the plane z:=k; thus 

Hence the radical axis of u and v is u—'a^v=0; therefore the same value of X for which 
U+/\.V becomes a parabolic cylinder reduces u-^Xv to the radical axis of to and v, and the 
proposition is proved. 

Cor. 1. The curve of intersection of a sphere with a cylinder on a parabolic base is a 
sphero-Cartesian. 

Cor, 2. From recent articles we infer the following method of generating sphero- 
Cartesians. 

Let J be a circle and F a parabola in the same plane (say, in the plane of the paper) ; 
then from any point P in F erect two perpendiculars in opposite directions to the plane 
of the paper and equal respectively to ±T\/ — 1, where T is the length of the tangent 
drawn from P to J ; then the locus of the extremities of the perpendicular will be a 
sphero-Cartesian. 

240. Since one of the four cones passing through the sphero-Cartesian (UV) is a 
parabolic cylinder, it follows that one of the nodal conies of the developable S formed 
by tangent planes to U along (UV) will pass through the centre of U. Hence we have 
the following theorem : — 
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Eig. 6. 




A 







a 

t 



The hinodal cy elide (a, h^ c^f\ g^ hy^^ (3, y)^==0 will he intersected hy the sphere U 
orthogonal to gj, jS, y, awd wAo^^ centre is corruplanar with their centres in a s^hero-Carte- 
sian if the conic {a^ h^ c, /, y, A^^X, f//, i')^ ^9^55 through the centre of U, 

241. From the method of generating sphero-Cartesians given in art. 239, Cor, 2, we 
can get one form of its equation considered as a curve described on a sphere. 

Thus, let the equation of the sphere of which the circle J 
is a great circle be ^^+^^+^^=1? ^^d the equation of F be 
(y-{-ky=4:a(h+w)^ or, in polar coordinates, 

(§ sin 6+kfz=4:a(h+q cos 0), 

and it is clear that the perpendicular • to the plane of the 
paper at P will cut the sphere in a point Q whose spherical 
coordinates are thus determined. 

Taking the great circle J as a circle of reference, making 
AP=^, PQ perpendicular to it =\{/, then we have cos \[/=:g, 
and the equation required is 

(sin^cos\{/+^)^=:4a(A+ cos9cos\|/). . . . (149) 

242. Let the great circle J of the sphere intersect the parabolic base of the cylinder in 
four points, and let K, K^, K^^ be the points of intersection of the three pairs of lines 
through these four points, the sides of the triangle K K' K" will cut off from the sphere 
three arcs, and the three small circles which have these three arcs as spherical diameters 
will be the three circles of inversion of the sphero-Cartesian. Again, the three pairs of 
perpendiculars from the centre of the sphere on the three pairs of opposite connectors 
will cut the sphere in three pairs of points which will be the extremities of the diameters 
of the three focal circles of the sphero-Cartesian. Hence, being given on the surface of 
a sphere U a focal circle F and a circle of inversion J of a sphero-Cartesian, we infer 
the following construction for the two remaining focal circles and circles of inversion : — 

Let H and O be the centres of J and F, a7td let HO intersect the circles J and F in 
the points A, B, C, D ; if the points P and Q be taken so as to be common points of 
harmonic section of AB and CD, then P and Q are plainly the points in which radii 
from the centre of TJ to the points K', K'' pierce U ; they are therefore the centres of inver- 
sion of the sphero-Cartesian. 

243. Again (see fig. 5, art. 198), if the circles F^, F^ be described on the sphere as 
they are in the diagram referred to on the plane, we shall have the three focal circles 
and their radii given by the following equations:- — 



tan^ r = tan PH . tan QH, 
tan^ f ^ =z tan OH . tan QH, 
tan^ r"= tan OH . tan PH. 



. . (150) 



The first equation is evident, since P, Q are conjugate points with respect to J; and 
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the second follows from the fact that the bisectors of the angles ABD and DBN pass 
respectiTely through O and H. 

244. The points O, P, Q are the centres of J, J^, J". Let their distances from H be 
denoted by l^ h\ W respectively, and the preceding equations may be written 

tan^r =tanB^ tan^^V 
tan^ r^ =tan W tan ^ , 
tan^ r^'zzrtan S tan ^ . 

Hence we get the three following equations : 

tan^ =:tanf^ tanr^^ : tanr , 
tan l^ =:tan r^' tan r : tan r^ , 
tanB^^=tanr tanr' : tanr'^ 



(151) 



(152) 



Hence also we get 



tan S tan V tan ¥ = tan r tan r' tan r'^. 



. . (153) 



245. If we denote the radii of the circles of inversion J, J^, J^' by §^ /, g"^ we easily 
get the system of three equations, 



tan^g 
tan^ q^ 



tan^-^^ 



tan(^ — ^^)tan(^ --V%] 
;tan(^^-r)tan(§^~S ), 
:tan(S^'-^)tan(S^^-~-S')J 



(154) 



with this other system of equations, 

tan (^ — S^ )=:tan g tan g' : tan g^^y^— 1, 
tan (y —S^^)=z:tan g' tan g^^ : tan g' \/— 1, 
tan (B''— S )=tan g^^tan g : tan f\/—l.^ 



(155) 



Hence also 



tan (^ ~ §7 1^^ (^^ "~ ^^0 tan(^'^~-^')=tang tang' tan g\/—l. . (156) 



From either system it follows, as we know otherwise, that one of the circles of inversion 
is imaginary. 

246. From combining the equations of the two preceding articles, we easily get the 
relations between the radii of the F's and the J's ; thus 

tan^ f = tan (S — V) tan (S — I") 

__ tan^ a - tan S (tan ^ + tan d'') + tan ^ tan W 
"^ (l+tanatanaO(l + tanatana^^) 

(tan^ r — tan^ r') (tan^ r — tan^ r'^) 
tan^ r sec^ r' sec^ r^^ 



4 (sln^ T — sin^ r^) (sin^ r — sin^ ¥^) 



sin^ 2r 
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Hence we have the system of equations : 



tan^l : 
tan^ f ' : 
tan^f^^: 



:4(sin^ r — sin^ r^ )(sin^ r • 
: 4(sin^ r^' — sin^ r )(sm^ r^^- 



sin^r ) : sin^Sr', 
sin^ r' ) : sin^ 2f ^^ 



(157) 



Fig. 7. 



24T. Let us denote the radii of the three circles of inversion by J^ J', 3^% the radii of 
the focal circles by r, r'^ r"j and the distances by I, h'^ ¥j 
as in recent articles. Now denoting the perpendicular 
from the centre of J to any tangent to F by j?, then taking 

v/Jl-— p sncn mat 

cos J? : cos(jp— |)=cos J=^ suppose; 
/. (cos f — -^) cosj> + sin § sinj?=: ; 
but from the spherical triangles OHM and O P H we get 

cos^ sin h cos fi+cc^s B sinj9=sin r, 
cos f cos 8 + sin ^ sin ^ cos 1= cos E. 

Hence J eliminating j? and &^ we get 

(1+/^^— 2^ cosf)^ sin r=k cos S— cosR, 

with two similar expressions involving F, M^ ; i', ¥. Hence we have the determinant 




(1 +F — 2k cos I f sin r ^ k cos ^ , 1, 
(1 + ^^ — 2k^ cos i' )^ sin ¥ , i' cos ^ , 1, 
(l+F^^2Fcos|^0"sinr'^, FcosF, 1, 



0; 



and restoring the value of ^ k^^ ¥^ we get 



(1 +cos' J — 2 cos g cos J f sin r , cos o , cos J , 
(1 + cos' J^ — 2 cos g^ cos J^ )^ sin r' , cos S^ , cos J' , 
(1 + cos^ F — 2 cos /cos ¥f sin r^^, cos ^^^, cos F. 



0. 



(158) 



248. It is evident that l+F-^2f cosf is equal to the square of the distance of the 
point P of the sphero-Cartesian from the pole of the plane of J with respect to the 
sphere U, Hence, if this distance be denoted by D, the first determinant of the last 
article may be written 

D sin r 5 cos S sec J ^ 1, 



D^ sin ¥■ 5 cos B^ sec J ' 5 1 , 
B^^sinr^^, cos^^^secF, 1^ 



0, 



. . . . (159) 
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249. From the equation, art. 247, 

(1+1:^—2^ cos gf sin r=k cos S— cos E, 
which we may put in the form 

(1+^'^— 2/fc cos g)^ sin r=C^ 

where C is the small circle cutting J orthogonally and concentric with F, we have th is 

other equation, 

(k-e^^~')(k-e~^^^')sm'r=:C' (160) 

Hence the imaginary lines /^—^^^^S Jc—e"^'^'-^ are tangents to the sphero-Cartesian. 
Hence the centre of J is a focus ; and similarly the centres of J', J^' are foci. 

250. The equation 

(1+^^—2^ cos §) sin^ r=C^ 

is the envelope of the circle 

lJ^jc^^2Jc cos g+i^^C+f^' sin^ r=0 ; 
but 

C^iiJc cos S— (cos§ cos S— sin § sinS cos6)=05 

.-. l-^Jc^-^-i/jJc cos ^+1^^ sin^ r=:(2y^+i^ cos l) cos g — />(/ sin I sin § cos fl. 
Now the equation of a circle (see art. 36) is 

cos E,=:cos 72. cos §+sin 7^ sin g cos 9. 

Multiplying by an indeterminate constant, we get ^ 

X cos E=l +/^^+i^^^ cos S+i"'^ sin^ ^% 
X cos n-=i2k-\'^ cos ^, 

X sin ^=: — //; sinS. 



Hence 



.^ l + F + a/ccosS + a^sm^r /ip-i\ 

COSK=: , ^-- , ^ ■,^ -' (iDl) 

Vju.^ + V^ COS § + 4F ^ ^ 



Now if E be equal to zero, the circle whose radii is E will be a focus, since it will have 
imaginary double contact with the sphero-Cartesian ; but E=0 gives the biquadratic in ^, 

(iJ^Jc^j^^Jc cos Hi"'' sin^ r)^=(f>oH4|^^ cos l+4.k% . . (162) 

showing that there are four foci, as we know otherwise, since there are three single foci 
-and one triple focus. 

251. li'R=^^vfe have the equation 

l+/^'+i^>^cosH/^'sinV=0, ......... (163) 

a quadratic showing that a sphero-Cartesian has two great circles which have double 
contact with it. These are not, however, the only great circles which have double 
contact with the sphero-Cartesian. These correspond to the great circle passing 
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through the three single foci of the curve ; and we will now show that there are two 
great circles of double contact corresponding to each of the three small circles of inver- 
sion, J, J', J''. For let F be the focal circle corresponding to J, then the great circle 
whose pole is the centre of J will intersect F in two points ; these will be the poles of 
two great circles, each having double contact with the sphero-Cartesian. Hence a 
spherO' Cartesian has eight great circles of double contact. 

Cor. It is evident that a similar ])roperty holds for a sphero-guartic. 

252. If in the equation of art. 250 

1+^^+i^^ cos ^+^2 gjj^2 f r=(2i^4"i^ c^s ^) cos g— jO. sin t sin g cos S 

we substitute the spherical coordinates q\ & of any point (see art. SB), we get a quadratic 
for [jb^ showing that through any point g', & two generating circles pass. Hence, reasoning 
as in the last article, through any point may he described eight circles each having double 
contact with the sf hero-Cartesian. Hence, if we invert the sphere into a plane, the inverse 
of the sphero-Cartesian will not be a Cartesian oval but a bicircular guartic. 

253. The following properties of sphero-Cartesians are the analogues of properties of 
plane Cartesians which have appeared in the ^ Educational Times': — 

1^ Being given two small circles such that a spherical triangle can be inscribed in one 
and circumscribed to the other ^ the envelope of the small circle which has the sjpherical 
triangle as a self conjugate, or, as it may more appropriately be called, an harmonic triangle, 
is a sphero-Cartesian. 

2*". Through any point on a sphero-conic can be described three circles which osculate 
the sphero-conic; the envelope of the circle through the three points of osculation is a 
sphero-guartic. 

3^ If a sphero-guartic with a double point O be cut by a circle in four points A, B, C, D, 
and if OK, OB, OC, OD cut the circle again in E, F, G, H, any pair of great circles 
through these points will be egually inclined to the bisectors of the angles between the 
tangents at O. 

4**. If a sphero-conic be turned through 90° round the principal axis of the cone which 
cuts the sphere in the sphero-conic, the locus of the intersection of any tangent with the 
same tangent in its new position is a sphero-guartic. 

5^ The locus of one set of foci of all the conies which have double contact with a 
given circle at given points is another circle passing through those points and through 
the centre of the given circle. Hence, by inversion, the locus of one set of foci of sphero* 
guartics with a double point tvhich have a given generating circle, and which have given 
points of contact with it, is a circle through the points of contact. 

6°. The three points in which a circular cubic is cut by any transversal are the foci 

of a Cartesian oval passing through four coney clic foci of the cubic. Hence, by inversion, 

four concyclic points on a sphero-guartic A are the foci of another sphero-guartic B 

passing through four concyclic foci of A. It is evident that this property is analogous 

to that of pole and polar, and that a similar use may be made of it. 

MDCCCLXXI. 5 A 
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254. The foUoAving properties are the inverses of properties of conies &c. :-— 

l"". A circular cubic is the locus of one set of foci of all the conies that can be drawn 
through four coney clic points. Hence, by inversion, ^ s^hero-qiiartic is the locibs of the 
locus of one set of foci of all the sphero-quartics with a double point which can be drawn 
throu^gh four coney clic points. 

A more general proposition than this can be easily inferred from art. 253, 6^ 

2'', If two tangents to a conic intersect at a given angle, the locus of their intersection 
is a bicircular quartic. Hence, by inversion. 

If two generating circles of a sphero-'qitartic imth a double point {including cusps and 
conjugate points) intersect at a given angle^ the locus of their intersection^ if they belong 
to the system of generating circles which passes through the double pointy is a sphero- 
quartic. 

Cor. If the angle of intersection be a right angle the locus will be a circle. 

3^ A cardioide can be inverted into a cissoid. Hence a cusped sphero-quaftic will be 
got by inverting a cusped sphero-Gartesian.- 

255» Particular spherical sections of a general cy elide will be sphero-Cartesians. 

The following is an example: — Let W be a cyclide^'U cmd F a sphere of inversion 
and correspouding focal quadric ; then if any sphere has its centre on the focal hyperbola 
of F and cuts U orthogonally^ it will intersect W in a sphero- Cartesian. 



CHAPTEE XIII. 

Sectiojst 1.-— Substitutions. 

256. If W=(a, bj c^ d^ l^ m, %p^ q^ r'Xcc /3, y, ^f=0 be the equation of a cyclide, 
and if the equation W be satisfied by the values ^^, y\ ^^W of a, /B, y, S, we can state it 
thus : the system of six spheres denoted by the matrix 



(164) 



a, /3, y, S , 
of, y\ £, w\ 

have the two points which are common to them on W; and if the ratios oo^ : y : z^ : w^ be 
supposed to vary, but subject to the condition 

{a^ §5 ^, d^ l^ m, n^p^ qy^Jj^.^ y\ ^^ wy=% 

then the pair of points denoted by the matrix (164) will vary, and the locus will be the 
cyclide W. Hence we may call (a, 5, (?, ... . r^m^ /3, y, ^)^=0 the local equation of a 
cyclide. 

I remark that whenever I shall speak of a pair of inverse points on a cyclide it will 
be a pair determined by a matrix such as (164). 

257. We have seen that the tangential equation of the focal quadric of a cyclide is 
the same in form as the local equation (see last article) of the cyclide, and that to a tangent 
plane of the quadric will correspond a pair of inverse points of the cyclide, and generally 



BE. X CASEY ON CYCLIDES AND SPHEEO-QUAETICS. 



685 



to any plane L related to the quadric will correspond a pair of inverse points having a 
correlative reference to the cyclide, and these inverse points will be the limiting points 
of the sphere U (the Jacobian of a, /3, y, h) and the plane L. 

258. We have determined in art. 5 the condition that the sphere woc-^yli + zy-jrW^ 
should be a generating sphere of W to be given by the determinant (7), and that this 
determinant in tetrahedral coordinates is the equation of the focal quadric F of "W. 
Now since for any system of values of ^, y^ z^ w which satisfies the determinant (7) we 
get a point on F, we see that to any point on F will correspond a generating sphere of 
W, and generally to any point P having any special relation to F will correspond a sphere 
Q having a similar relation to W; in fact the sphere Q will have the point P for centre, 
^nd will be orthogonal to U. 

259. Since the tetrahedral coordinates of the centre of ^"ja+yi/B-f-^iy+'W^i^ a.re 
^19 ^19 ^1? '^i? and if four spheres orthogonal to U pass through the same pair of inverse 
points, with respect to U we know that their centres are complanar. Hence we have 
the following theorem :->— 

The condition that the four spheres 

should pass through the same "pair of inverse points is the vanishing of the value of the 
determinant 



«^i? Vi^ ^1? '^1? 



^25 ^23 ^: 



29 



w. 



2> 



»^39 y^l ^3? ^ 



oc 



49 



y 



49 



z. 



49 



39 



W^, 



(165) 



260. In art. 257 it is proved that the pair of inverse points given by the matrix (164) 
correspond to a plane, and in art. 27 it is shown that the perpendiculars from the centres of 
a, j3, y, S on the plane are proportional to ^j, yi, z^^ Wi of the matrix, that is, in other words, 
the coordinates of the plane are ^j, ;z/i, ^i, w,. Hence we infer the following theorem :— - 

The four pairs of inverse points given hy the matrices 



a 



9 /3, 7, S , 



^19 ^19 ^19 '^^9 



a, /3, 7, § , 

^25 ^29 ^29 "^29 



a 



9 /3, 7, ^ 



^39 ^39 ^39 ^^39 



"^45 ^49 '^49 '^49 



are homospheric^ if vanishes the determinant 



^19 3^19 ^19 '^19 

^29 2^29 ^29 ^^29 



^39 ^39 ^39 ^ 



39 



^^^49 2^49 -^49 '^4' 



(166J 



261. Since to any system of complanar points corresponds a system of spheres passing 
through a pair of inverse points, to a flane conic on the focal quadric of a cyclide W will 

6a2 
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corresjpond a hinodal cyclide circumscribed about W; the nodes of the hinodal cyclide will 
correspond to the plane of the conic. 

262. Since to any system of planes passing through a point corresponds a system of 
homospheric pairs of inverse points, ??o a cone circumscribed about the focal guadric of a 
cyclide W will correspond a sphero-quartic on W; and if the cone be one of revolution^ 
the sphero-quartic will become a sphero-Cartesian. 

Cor. 1. If the vertex of the cone be at infinity^ that is, if the cone become a cylinder, to 
if will correspond a bicircular quartic ; and if the cylinder be one of revolution, to it will 
correspond a section of the cyclide, which will be a Cartesian oval. 

Cor. 2. Since two cylinders of revolution can be described about a quadric, through each 
centre of inversion of a cyclide can be drawn two planes which will intersect it in Cartesian 
ovals. 

263. Since to a point on F corresponds a generating sphere of W, to the line joining 
two points on F will correspond the circle of intersection of two generating spheres ; and 
if every point of the line be on F, every point of the circle will be on W. Hence to a 
rectilinear generator of F will correspond a circular generator of W ; and since through 
any point on F can be drawn two rectilinear generators, hence in general can be drawn 
two circular generators corresponding to each focal quadric of W through any point ofW, 

264. The last article may be established differently as follows. Thus if perpendiculars 
from the centres of the spheres of reference cc, jS, y, § of the cyclide W'^aa^^ + bfy-^cy^-^dl^ 
on any plane be denoted by X, [jb, v, g, then the points whose equations are 



A 5 B, C, D 5 
M, B', O, ld\ 

correspond to the spheres whose equations are 

A, B, C, J), 
M, B', a, D', 



{\, ^,>, g) 



(a, /3, y, I), 



and consequently the line joining the points corresponds to the circle of intersection of 
the spheres. Now the six determinants of the matrix 

A, B, C, D, 

A', B', G, D', 

or their mutual ratios, are called by Professor Cayley the six coordinates of a line in 
space, and are denoted by the notation [a, b, c,f, g, h). Hence we see that we can in 
our extension call the same ratios the six coordinates of a circle in space (see Cayley 
" On the Six Coordinates of a Line," Cambridge Philosophical Transactions, vol. xi. pt. 2), 
Hence the same investigation which in Professor Cayley's system proves any property 
of a system of lines in space, will, with our interpretation, give a corresponding property 
of a system of circles in space. It is to be remembered, however, that all our circles 
are cut orthogonally by the same sphere, namely the sphere U, the Jacobian of a, (3, y, 1 
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(compare art. 19). As an example, three lines in space determine a ruled quadric; to 
which we have the corresponding theorem : — Three circles in space orthogonal to the 
same sphere determine a cyclide. Again, every ruled quadric has two systems of recti- 
linear generators ; to this corresponds the theorem : — Every cyclide has two systems of 
circular generators corresponding to each sphere of inversion; or any four rectilinear gene- 
rators of one system on a ruled quadric are cut equianharmonically by all the rectilinear 
generators of the opposite. Hence any four circular generators of one system belonging to 
a cyclide are cut equianharmonically by all the circular generators of the opposite system. 
265. From recent articles we see that, being given any graphic property of the focal 
quadric F of a cyclide W, we can get a corresponding property of W by the following 
substitutions : — 



F 



r 



w 



a. For a point on F, 

b. A point having any special 

relation to F, 



a. A generating sphere of W. 

5. A sphere having a corresponding rela- 
tion to W. 
1. ^ c. A system of complanar points, ^| c. A system of spheres through the same 

two points. 

d. A system of spheres through the same 



d. A system of coUinear points. 



V. 



r 



n. ^ 



a, A tangent line to 
5. A line having any special rela- 
tion to 

c. A system of concurrent lines, 

d. A system of complanar lines, 



V. 



r 



< 



K. 



^ 



circle. 

a, A circle having double contact with 
h. A circle having a corresponding relation 
to 

c. A system of homospheric circles. 

d. A system of circles through the same 

two points* 



Z' 



JLxJL* "S 



V. 



a. A tangent plane to fa, A pair of inverse points on 

i. A plane having any special b. A pair of inverse points having a corre- 

relation to spending relation to 

c. A system of planes through the-< c. A system of homospheric pairs of inverse 
same point, points. 

d. A system of inverse pairs of points on 
the same circle. 



d, A system of planes through the 
same line. 



V, 



266. In order to give illustrations of this system of substitutions, I give the theorems 
derived by them from a splendid paper of Mr. Townsend's in the ' Quarterly Journal,' 
vol. viii, p., 10. For this purpose the following proposition is necessary: — If three 
tangent planes to a quadric be mutually perpendicular the locus of their point of inter- 
section is a sphere, called the director sphere of the quadric. Hence, by substitution, we 
get the following theorem :— If three lines mutually perpendicular be drawn through a 
centre of inversion of a cyclide, and if P, P^ Q, Q^ R, R he three pairs of inverse points 
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in which these lines intersect the cy elide ^ the enmlo^e of the sf here through P, P^, Q, Q^, 
E, R^ is a Cartesian cyclide-^ which ly analogy I shall call the director cy elide of the given 
cyclide. 

V", " If a system of quadrics touch a common system of eight planes, their director 
spheres have a common radical plane." Hence, if a system of cy elides pass through a 
common system of eight inverse pairs of points^ their director Cartesian cy elides are 
inscribed in a common hinodal Cartesian cyclide, 

2"^. " If a system of quadrics touch a common system of seven planes, their director 
spheres have a common radical axis." Hence, if a system of cyclides pass through a 
common system of seven inverse pairs of points^ their director Cartesians have two generating 
spheres common to all, 

S"". "If a system of quadrics touch a common system of six planes, their director 
spheres have a common radical centre." Hence, if a system of cyclides pass through a 
common system of six inverse pairs of points^ their director Cartesian cyclides are such 
that any of them can he expressed as a linear function of four others^ because their 
director spheres in the property of the quadrics having a common radical centre are 
coorthogonal, and any of them can be expressed as a linear function of four others. 

Cor. The property in 1"* may be expressed thus : — any director Cartesian can be 
expressed linearly in terms of two others ; and the property in 2'', any director Cartesian 
can be expressed linearly in terms of three others. 

267. When a quadric becomes a paraboloid, the director sphere becomes a director 
plane. Hence if three lines mutually perpendicular be drawn through a centre of 
inversion of a cubic cyclide intersecting it in three pairs of inverse points P, P^, Q, Q^, 
B, E', the sphere determined by these three pairs of inverse points passes through a fixed 
pair of points. I shall call these points the director points of the cubic cyclide, 

Y, "If a system of quadrics touch the same eight planes, the common radical plane 
of their director spheres is the director plane of the paraboloid which touches the planes." 
Hence, if a system of cyclides pass through a co'mmon system of eight inverse pairs of 
points^ the nodes of the binodal Cartesian cyclide which is circumscribed to their director 
Cartesian cyclides are the director points of the cubic cyclide which passes through the 
system of eight pairs of inmrse points, 

2^ " If a system of paraboloids touch the same seven planes, their director planes have 
a common line of in tersection." Hence, if a system of cubic cyclides pass through a common 
system of seven pairs of inverse points^ their director points are coney die, 

3^ " If a system of quadrics having a common rectilinear generator touch five planes, 
their director spheres have a common radical plane." Hence, if a system of cyclides 
having a common circular generator pass through five inverse pairs of points^ their director 
cyclides are inscribed in the same binodal Cartesian cyclide, 

4^ " If a system of ruled quadrics have two common rectilinear generators and touch 
two common planes, their director spheres have a common circle of intersection with 
that of the ruled quadric passing through the two lines and through the intersection of 
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the two planes." Hence, i/* a system of cy elides having two common circular generators 
pass through two inverse pairs of points^ their director cy elides are inscribed in a hinodal 
Cartesian cy elide ^ in which is also inscribed the cy elide determined by the two circular 
generators and the circle through the two inverse pairs of points, 

5"*. "The director sphere of every ruled quadric passing through the four sides L, M, 
N, P of any skew quadrilateral passes through the circle of intersection of the two 
spheres of which the two diagonals are diameters." Hence, if L, M, N, P be four circles 
in space ^ such that each of the four pairs (LM), (MN), (NP), (PL) is homospheric^ and 
if L, M, N, P be circles on a cy elide W, the director cy elide of W can be expressed as a 
linear function of two Cartesian cy elides,, viz, the cy elide which has the spheres (LM.) and 
(NP) as generating spheres,, and the middle point between their centres as a triple focus ^ 
and the cyclide similarly determined by the spheres (MN) and (PL). 

6"*. "When eight planes pass in pairs through any generators of the same ruled 
quadric, the director spheres of all quadrics touching them all have a common circle of 
intersection with that of the original quadric." Hence, when eight pairs of inverse points 
lie two by two on four circular generators of a given cyclide,, the director cyclides of 
all cyclides passing through the eight pairs are such that the director cyclide of the given 
cyclide can be expressed as a linear function of any two of them; in other words^ the 
director cyclides of the variable cyclides and the director cyclides of the given cyclides are 
all inscribed in the same binodal Cartesian cyclide. 

7"". If a system of paraboloids touch the same six planes^ their director planes have a 
common point of intersection. Hence, if a system of cubic cyclides pass through the same 
six pairs of inverse points^ all their director pairs of points are homospheric. 

8"*. " If a system of ruled quadrics passing through a common line touch four common 
planes, their director spheres have a common radical axis." Hence, if a system of cyclides 
having a common circular generator pass through four inverse pairs of common points^ their 
director cyclides have two common generating spheres. 

268. I shall for the next illustration take the properties of quadrics given in a paper 
of Dr. Salmon's in the same volume of the Quarterly Journal, "On the Number of 
Surfaces of the Second Degree which satisfy nine conditions." 

1^ Dr. Salmon proves "that two quadrics can be described through eight given 
points to touch a given line." Hence tivo cyclides having a given sphere of inversion 
can be described having eight given generating spheres to have double contact with a given 
circle. 

2''. " Three quadrics can be described through eight given points to touch a given 
plane." Hence three cyclides can be described having eight given generating spheres to 
pass through a given pair of inverse points, 

go^ a Twenty-one quadrics can be described through five given points to touch four 
planes." Hence tiDcnty-one cyclides can be described having five given generating spheres 
to pass through four given inverse pairs of points, 

4^ In general if^{x^ s, t) denote the number of qiiadrics ivhich can be described to pass 
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through r points^ to touch s limSj and to touch t planes^ where r+s+t=:9, then ]^re* 
cisely the same nwnber N of cyclides can le descrihedj being given r generating spheres to 
have double contact with s circles and to pass through t inverse pairs of points. 

269. If V be the reciprocal of the focal quadric F with respect to U, or, in other 
words, if V be a quadric of the system passing through the sphero-quartic WU, then 
the planes, lines, and points of V will correspond to the points, lines, and planes of F ; 
and hence by substitutions reciprocal to those of art. 265, being given any graphic pro- 
perty of V, we can get a corresponding graphic property of W. 

Cor, Hence, being giyen any graphic of a quadric, we can get two correlative graphic 
properties of a cyclide. 

Sectioist II. — Suhtitutions. Sphero-guartics. 

270. We have seen, if in the equation of a cyclide W=^(gj, |8, y, §), where (p represents 
a homogeneous function of the second degree, we regard m, ^, y, I as the small circles 
in which the spheres oc, /3, y, I intersect U, that we get the equation of the sphero- 
quartic (WU) ; also that the sphero-quartic is generated as the envelope of a variable 
circle, whose centre moves along a sphero-conic, and which cuts a given circle ortho- 
gonally ; and we might investigate, as in the last section, a system of substitutions by 
which, from known properties of sphero-conics, we could infer properties of sphero- 
quartics ; but there is a simpler system of substitutions by which we may arrive at the 
latter, namely, by means of substitutions from known properties of plane conies. This 
method I shall explain briefly in the following articles. 

271. Let 'W^am^'\'l)^^+cf+dl^=^ be a cyclide, then the Jacobian of m, j3, y, S is 
given by the equation 

Hence the sphero-quartic (WU) will be the curve of intersection of U, and either of the 
binodal cyclides 

. W~-aU^ . w-^m\ -W-cW, W-^dW. 

Now let us consider W—aU^ or (5— a)^'+(<?— a)y'+(^~-a)S%- this cyclide has four 
focal quadrics, of which one reduces to a plane conic, and this conic is a focal conic of 
each of three remaining focal quadrics (see art. 113). The conic is one of the nodal 
lines of the developable % (see Chapter VIII.), and is the reciprocal of one of the four 
cones through (WU). Now any tangent plane to the cone will intersect U in a circle, 
which will be a generating circle of WU, and this tangent plane will intersect the plane 
of the nodal conic of !§, that is, the plane of the conic whose equation in tano'ential 
coordinates is 

{h^a)i^^+{c—ap+{d-a)q\ 

in a line, which will be a tangent line to the reciprocal conic, that is, to the conic whose 
trilinear equation is (5— a)/+((?— a)^'+(d:— a)w'=0. Hence a tangent line to this 
conic corresponds to a generating circle of WU. Again, any edge of the cone intersects 
the conic (^►~-a)/+(c}— a).eH(^— a)io' in a point, and passes through a pair of points 
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of WU; this pair of points will be inverse to each other with respect to the vertex of 
the cone. Hence a point on the conic corresponds to a pair of inverse points on the 
sphero-quartic. Again, a point and its polar with respect to the conic correspond to 
a pair of inverse points and a circle, which are related to each other with respect to the 
sphero-quartic, as poles and polars are in ordinary geometry. For example, the point 
and polar with respect to the conic are such that any line through the point meets the 
conic in two points such that tangents to the conic drawn through them meet on the 
polar ; and the pair of inverse points and their polar circle are such that any circle 
through the inverse points meets the sphero-quartic in two pairs of points, such that 
the generating circles which touch the sphero-quartic at these points intersect on the polar 
circle of the pair of inverse points. 

If we have any system of coUinear points on the plane of (b -— ajy^ '\' (c — a)z^ -}- (d — a)w^ ^ 
it is evident we shall have to correspond with them a system of inverse pairs of points 
which are coney clic. Lastly, to a system of concurrent lines we shall have a corresponding 
system of coaxal circles on the sphere U. 

272. From the last article we see that, being given any graphic property of the conic 

we shall get a corresponding graphic property of the cy elide WU by the following 
system of substitutions : — 

{b-a)f+{€-a)z' + {d-a)w\ (WU). 

^— — ■ " ■— I — ■■■■I.. — .. — I. I.... ■■■■■A,,,., . ■»—■. -I- . . ii..,!...^ — — ■ — , I. '■— .^^ ^^^ ■.■■ II.I..I— ■!■ .1 ii»»»— — ..^■i « .i— — — ■■ I. - — ......I — — -.■■II .1— -A, -■■■ — ., . I. .11 , , II ..^ 

a. For a point on, A. A pair of inverse points. 

b. A point having any permanent B. A pair of points having a corresponding 
I. -I relation to, relation. 

c. A system of collinear points, C. A system of concyclic inverse pairs of 

points. 



11.^ 



a'. A tangent to. A'. A generating circle of 

b^. A line having any permanent B^ A circle having a corresponding rela- 

relation to, tion to 

.c'. A system of concurrent lines. O. A system, of coaxal circles. 

273. If we take the reciprocal of the conic (b—a)f+{c—a)z^ + (d—a)w^=0^ that is, 

the conic in tangential coordinates (5 — ^)|W/^+(<^ — ayz+^d—a^jf^ we get properties of 

WU, by substitutions, reciprocal to the foregoing ; hence we are to substitute from the 

last article, for 

a, b, c; A', B\ C. 

a!, V, 6''; A, B, C. 

Cot. 1. Hence, being given any graphic property of a plane conic, we can ^Qi two 
correlative properties of a sphero-quartic. 

Cor, 2. The properties of bicircular quartics which are derived by substitutions from 
those of conies have their analogues in sphero-quartics. 

Cot, 3. If two sphero-quartics have one centre of inversion common to both, they 
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have four common generating circles ; for the two conies which lie on the polar plane 
of the common centre of inversion have four common tangents. 

Cor. L li^R^ao^^^l^^J^cf-^dl^=^, W^d(^^V^'-\-df^&l^=^ be two cyclides, 
the sphero-qnartics (WU) nnd (W^U) have sixteen common generating circles ; for they 
have four centres of inversion common, namely, the centres of the spheres oj, j3, 7, S. 

CHAPTEE XIY. 

Section I. — Foles amd Polars. 

Observation. All the spheres which we shall have occasion to use in this and the 
following chapter will be of the form woc-^yfi-i-Zy+w^^ where ^, ^, z^ w^ie numerical 
coefficients. 

274. If (% ^, c, d, I, m, n^fy ^^ r'Xay(5^ % ^)^=0 be a cyclide. and 

be two spheres, then the condition that XSi+i^S2=0 may be a generating sphere of the 
cyclide is given by the determinant 



«, 


n, 


m, 


P^ 


XX^ -\-l^Xsi, 






n. 


h 


I, 


i^ 


"^Vi +m-' 






m, 


I, 


c , 


r. 


X2i +[J.Z^, 


=0. 


(167) 


P^ 


S> 


r , 


d, 


AW, +|!*W2, 






XXi +f6iC2, 


^yi+iM'y^j 


X^i+^^ai 


XWi+fJUW^, 


0, 







This determinant may be written X%' -^2X1^^+ iJb%" =^0, and we have a quadratic for deter- 
mining the ratio X:^. Now if p=0 we shall have the two values X:im equal, but with 
contrary signs. Hence (p=0 is the condition that the spheres Sj, Sg and the two gene- 
rating spheres of the cyclide whose centres are coUinear with their centres, or, in other 
words, the two generating spheres which are coaxal with them, should form an harmonic 
system of spheres. 

Def. An harmonic system of spheres is a system passing through a common circle and 
whose centres form an harmonic row of points ; this system possesses the property that 
four tangent planes through any common tangent line form an harmonic system ; or 
again, that the segments which these spheres intercept on the line of coUinearity of 
their centres may be an harmonic system of segments on that axis. See Chasles, 
'Sections Coniques,' art. 136. 

275. The equation ^=0 is the determinant 



a , 


n.. 


m. 


P ' 


Wi^ 


n, 


i. 


I, 


1 . 


y» 


m, 


I . 


c , 


T , 


z„ 


I>> 


Ir 


r , 


d 5 


Wu 


^25 


1/2, 


^2 5 


W2, 


0, 



. ♦ « • # • a I JL vj O I 
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And if we suppose ^i, y^^ z^^ Wi constant while ^2? 2^2? 2:2, W2 vary, removing the suffixes 
from the lower row in the determinant, we see that if the centre of a variable sphere 
8=0 moves along the plane 



«, 


n, 


m. 


T^ 


^1, 


n. 


i, 


I, 


9.^ 


yi. 


m, 


h 


c , 


r , 


z„ 


P^ 


1^ 


r , 


d, 


w„ 


tV , 


y^ 


z, 


w, 


0, 



=^ 



(169) 



then the sphere S, the sphere Si^^^i^+yijS+^^iy+'Z^i^— 0, and the coaxal generating 
spheres form an harmonic pencil of spheres. Nowthe sphere S^,:ra+2/j3+^y+'^^? whose 
centre moves in the plane (169), evidently passes through two fixed points, namely, the 
two limiting points of the Jacobian sphere U of <%, |3, y, ^, and of the plane (169); I 
shall call these points the pole points of the sphere Xia-\-y^^'\'Z{/-\-w^. 

Cor. The plane (169) is the polar plane of the centre of Si with respect to the focal 
quadric of the cyclide. 

276. If two spheres be such that one of them. A, passes through the pole points of the 
other, B, then, conversely, B passes through the pole points of A. This is evident from the 
determinants of the last article, from which it appears that the relation between the 
spheres is reciprocal. I shall extend the known terms of conies and quadrics, and call 
two such spheres conjugate spheres, and their two pairs of pole points conjugate pairs 
of pole points. 

277. If two circles in space be such that the pole points of any sphere passing through 
one lie on the other, then, conversely, the pole points of any sphere passing through the 
latter lie on the former. This is analogous to the theorem in quadrics, that if two 
lines A and B be such that the polar plane of any point of A passes through B, then, 
conversely, the polar plane of any point of B passes through A, and may be derived from 
it by the substitution explained in the last chapter. 

278. If W^^( # 3C^, j3, y, ^)^=0 be a cyclide, and a\ j3', y^ §' the sphero-coordinates 
of a pair of inverse points of W, that is, the pair of points given as common to the 
matrix 

a, /3, y, S , 

^^ i3^ y, i\ 



(170) 



and o(!\ (i"^ y'\ I" the sphero-coordinates of another pair of inverse points, then Xt^^ -[- (jucJ^ 
&c. will be the sphero-coordinates of a pair of points concyclic with a!^ ^^, y', l^ and 
a'^, ^^^, y^^5 l^^ ; and if these satisfy the equation of W, we shall have 

X^W+2xf^P+^nV'^=0. (171) 

Now if P=:0, the circle through od, ^', y, l^ ; al\ ^^', y'^, W meets the cyclide in two pairs of 
inverse points, which are harmonic conjugates to the two pairs al^ 0^, y', ^ ; a!\ j3^', y^, l^^ (see 

5b2 
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Chasles, ' Sections Coniques/ art. 136, also ' Bicircular Quartics/ arts. 153-155) ; but P is 



«'rf4'+^'|«+7'4"+^'.4)w". 



Hence, omitting the double accents, we see that the equation of the sphere of which 

ct^, ^^, y\ y are the pole points is 

(«l+^'|+7'|+^'i)w=0 (172) 

xlnd we have evidently the following theorem : — If through a pair of inverse points 
(ex'j ^^ 7^5 y) we describe any circle X cutting the polar sphere of (ct', ^', y\ I') in a pair of 
inverse points {a!\ ^^\ y^V ^^0? -^ '^^^'^^ ^^^ ^'^^ cy elide in two other pairs of inverse points^ such 
that the four segments made on X hy the pairs of points {a!^ ^^, V, S% {a!\ ^^^ y"^ V) and 
by the cyclide are harmonic (see ' Bicircular Quartics,' art, 153). 

279. From the last article we see that, if (a^, ^^, y, ^') be a pair of inverse points on the 
cyclide, the equation of the generating sphere which touches the cyclide at (a', ^'5y5^^)is 

4+^'|+r'|+^'l)w=o (173) 

This equation establishes a relation between the coordinates (a^, fi\ y, S') of a pair of 
inverse points of the cyclide, and (a, ^, y, I) the sphero-coordinates of any other pair of 
inverse points on the generating sphere which touches the cyclide at (a!^ ^^, y, S^); and since 
the relation is symmetrical with respect to (a^ ^^ y'^ V) and (a, 0, y, S), we infer the 
following theorem : — If through any pair of inverse points we describe a generating 
sphere of the cyclide^ the locus of all their points of contact is the sphero-guartic which 
is given as the curve of intersection ofW with the sphere (173), or the polar sphere of 

(^^ ^'. i. n 

280. The discriminant of the equation (171) is 

and by omitting the double accents we see that the equation of the binodal cyclide 
which circumscribes W, and which has the pair of points {a!^ ^^, y, l^) as nodes, is 

WW'={(4+0'|+y^^+S'|)w}^ . ..... . (174) 

281. Since a cyclide has five spheres of inversion, taking any point A, we get five 
points, namely, the inverses of A with respect to the five spheres of inversion of the 
cyclide. Let the inverse points be Ai, Ag, A3, A4, Ag ; and, with the five pairs of inverse 
points (AAj), (AA2), (AA3), (AA4),, (AA5), we get by the last article five binodal cyclides 
circumscribed to W, and these binodals will have one common node, namely, the point A ; 
the other nodes of these circumscribed cyclides will be the five points A,, Ag, A3, A^, A5. 

282. If we invert the cyclide W from the point A, the five binodal cyclides of the 
last article invert into five cones of the second degree, each having double contact with 
the inverse cyclide (see art. 187). Now all the points of contact of the five double 
tangent cones lie on five concentric spheres. Hence we have the following theorem: — 
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If five Mnodal cy elides circumscribed to a cy elide W ham one common node^ their 
curves of contact imth W are five sphero-quartics lying on five spheres having a common 
radical plane, 

283. If a!^ l3^5 y\ y ; a^', ^^^ y , ^^^ be two inverse pairs of points with respect to the sphere 
of inversion U of the cyclide W, the binodal cyclides which have these pairs of points 
respectively as nodes, and which circumscribe W, touch W along the sphero-quartics 
in which it is intersected by the polar spheres of (a^ ^V y? ^0? (^^^ ^^^ y^ ^^0 > hence the 
points of contact of generating spheres through both pairs lie on the circle of inter- 
section of the polar spheres: but the plane of this circle intersects W in a bicircular 
quartic, and the bicircular quartic and the circle intersect in four points; hence there 
will be four points of contact, and consequently only two generating spheres can be 
described through two pairs of inverse points* 

This theorem may be otherwise stated. Thus, it is plain that the circle through two 
pairs of inverse points is reciprocal to the circle in which their polar spheres intersect, 
and then w^e have the theorem, that through any circle can he described two generating 
spheres; their points of contact are coney die ^ and lie on the reciprocal circle. 

284. Since when a sphere of inversion XJ and a focal quadric F are given the cyclide 
is determined, and if nine points are given the quadric is determined, it hence follows 
tliat,, being given a sphere U and nine spheres which are orthogonal to it^ a cyclide can be 
described having TJ for a sphere of inversion^ and the nine spheres as generating spheres. 

285. Since, being given any eight points, three quadrics can be described to touch a 
given plane, we have the theorem, that^ being given any eight generating spheres of a 
cyclide J three cyclides can be described through the same pair of inverse points with respect 
to U (see art. 268, 2*^), and the cyclides are mutually orthogonal (see art. 119). 

286. If two quadrics intersect in the same eight points, all quadrics passing through 
these eight points have a common curve of intersection. Hence, if two cyclides W, W^ 
have eight generating spheres common^ every cyclide having these eight spheres as gene- 
rators will have also as generators all the generators common ??o W, W. We shall in 
the next chapter find the equation of the surface formed by all the generators common 
to two cyclides, and also give some of its properties. 

287. Given seven points or tangent planes common to a series of quadrics, then an 
eighth point or tangent plane common to the system is determined. Hence, being given 
seven generating spheres or pairs of inverse points cotnmon to a system of cyclides^ then 
an eighth generating sphere or pair of inverse points common to the whole system is deter- 
mined. 

288. If a system of cyclides pass through the same eight pairs of inverse points ^ their 
polar spheres tvith respect to a given pair of inverse points have a common radical plane. 

For if P and Q be the polar spheres of a given pair of inverse points with respect to 
W and W^, then P+^Q is the polar sphere of the same pair of inverse points with respect 
toW+xW. 

289. By reciprocating the theorem of the last article we get the theorem : — If a system 



696 BE. J. CASEY ON CYCLIDES AND SPHEEO-^QUAETIGS. 

of cy elides, have eight common generating s^heres^ the locus of the ^ole /points of a fixed 
sphere is a circle. 

290. If a system of cyclides pass through the same eight pairs of inverse points^ that 
is^ if they have a common curve of intersection^ the polar circles of a fixed circle generate 
a cy elide. 

Let the polar spheres of two fixed pairs of inverse poiiits be P+XQ and P+^Q' 5 
eliminating X, we get the cyclide PQ'— FQ=0. 

291. Beciprocally ^ if a system have eight common generating spheres^ the polar circles 
of a fixed circle generate a cyclide. 

292. If a system of cy elides pass through a common curve^ the locus of the pole points 
of a fixed sphere is a torse curve of the sixth degree. 

Demonstration. Let the polar spheres of three pairs of inverse points lying in the fixed 
sphere be P+XQ, P^+XQ', F^+^Q^'> then, eliminating X, we get the system of deter- 
minants 



p p/ p// 



(175) 



which represents a twisted curve of the sixth degree. For the intersection of the 
cy elides PQ^— P'Q, PQ''— P^'Q, each of which has the imaginary circle at infinity as a 
double line, is a twisted curve of the eighth degree ; but this includes the circle (PQ), 
which is not part of the intersection of the cyclides PQ'' — P''Q, PQ''— P-'Q'; there is, 
therefore, only a curve of the sixth degree common to the three determinants of the 
matrix (175). 

Cor. The cone whose vertex is the centre of U, the common sphere of inversion of 
the cyclides, and which stands on the curve of the sixth degree, is only of the third 
degree. For any plane through the vertex of the cone meets the curve in six points ; but 
these are inverse two by two, since the curve is evidently an anallagmatic, and therefore 
only three edges of the cone lie in the plane. 

293. Given seven pairs of inverse points of a cyclide^ tJie polar spheres of a given inverse 
pair of points pass through a given pair of inverse points. 

For evidently the polar sphere of a given fixed pair of inverse points with respect to 
W+XW+f^t/W" will be of the form P+xP+f/^P", and will therefore pass through a 
given fixed pair of inverse points, namely, the two points common to the spheres P, P, P^ 

Keciprocally, given seven generating spheres of a cyclide, the locus of the pole points 
of a fixed sphere is a fixed sphere. 

294. If W^^(#)[c5, /3, 7,^)^=0 be a given cyclide, we have seen that (#X^? 1"'? ^5 §)^=0 
is the tangential equation of the focal quadric ; but if the discriminant vanish of the 
equation of a quadric in tangential coordinates, it represents a conic in space, and the 
corresponding cyclide will be binodal. Hence we have the theorem, if the discriminant 
vanish of the equation of a cyclide^ the cyclide will he a hinodal cyclide. 

295. Since the discriminant contains the coefiicients in the fourth degree, it follows 
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that we haw a hiquadratic to solve to determine X^ in order that W+^W^ may represent 
a hinodal cyclide. Hence, through the curve of intersection of two cychdes, four binodal 
cycHdes may be described. The binodes of these binodals are thus determined. If we 
denote by Wj, Wg, Wg, W4 the differentials of W with respect to Uy jS, y, § respectively,* 
and by Xj, X^, X3, X4 the four roots of the biquadratic in X, then any three of the four 
spheres 

W,+X,Wi, W,+X,W^,- W3+X,W^3, w,+x,w, 

will determine by their mutual intersections the binodes of one of the binodals; and the 
binodes of the remaining binodals are got from these by using the remaining roots of 
the biquadratic in place of Xj, namely, Xg, X3, X4 respectively. 

296. There are four spheres whose pole points are the same with respect to all the 
cy elides passing through a common curve of intersection of two cy elides^ namely^ the polar 
spheres of the four pairs of nodes of the fourlinodals of the last article. For to express 
the condition that 

^Xj -j-jSXg -f-yXg "-[-0X4 
shoptld represent the same spheres, we find the following set qf determinants : 



■^f "xrf -XTf -^j 



49 



4 ? 



and these satisfy by the last article the binodes of the binodal cyclides. 

297. The four spheres are such that the two points common to any three are the pole^ 
points of the fourth; and^ conversely^ the four pairs of Unodal points are such that the- 
sphere determined hy any three is the polar sphere of the fourth pair. Thus, if the twO' 
cyclides be W and W, their equations in terms of the four spheres will be of the form 

aK\+hY^ +c7? +dY\ 

and the nodes of the binodal cyclides are the four pairs of points 

(XYZ), (XYV), (XZV), (YZV). 

It is to be remembered that the spheres X, Y, Z, Y are not mutually orthogonal. 

298. If the cyclide W break up into two spheres, the form W+XW becomes 
W+XLM. In general the intersection of two cyclides is a twisted curve of the eighth 
degree; but if one of the two cyclides reduce to two spheres, the intersection becomes 
two sphero-quartics. Any pair of hiverse points on the circle LM has the same polar 
sphere with respect to all the cyclides of the system W+XLM ; and in particular all the 
cyclides of the system have the same generating spheres at the four points where W is 
met by the circle LM. 

Lastly, all the cyclides of the system are enveloped by four binodal cyclides. For if 
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the four common generating spheres be cc^ /B, y, \ then the nodes of the four enveloping 
binodals are the four pairs of inverse points (a, j3, y), (o&, y, ^), (c^, /3, §), (/3, y, S). 

299. If a sphero-quartic be common to three cyclides, each pair must have another 
sphero-quartic, and the spheres through these sphero-quartics are coaxal. 

300. W, W are two cyclides having a common sphere of inversion TJ ; it is required 
to find the locus of the pole points of the generating spheres of W^ with respect to W. 

Let W, W^ be reduced to their canonical forms. 

Now let {a\ (i\ y\ ^) be a pair of inverse points with respect to U, then the polar sphere 
of (d^ /3', y', ^) with respect to W is 

and the condition that this should be a generating sphere of W is 









and omitting the accents, we have the locus required, 

7)«^+(f)/3H (7)7^+ (5)^^=0 (176) 

301. If we denote the cyclide (176) by 'W^=0, we see that the equations of the focal 
quadrics of W, W^, W^^, in tangential coordinates, are 

aV+^y+^v+6zy=o, 

a^ b'^ c^ d^ 

and the third is the reciprocal of the second with respect to the first. Hence we have 
the following theorem : — If W, W, W^^ be three cyclides having a common sphere of 
inversion U, and F, F^, F'^ he the focal quadrics of W, W' , W^' corres^ponding to TJ, then 
if ¥^ he the reciprocal of ¥ with respect to F, W^' will he the reciprocal of W with 
respect to AV. 

302. Since the reciprocal of a circle in space with respect to a cyclide is another circle 
in space, hence, if a variable circle move along three circles, its reciprocal will move 
along three circles reciprocal to the former; so that the reciprocal of a cyclide described 
hy the motion of a variable circle is another cyclide described hy the motion of another 
variable circle. This corresponds to, the theorem that the reciprocal of a ruled surface 
is a ruled surface. 

303. If a pair of inverse points move along a fixed sphere^ the locus of the pair of 
inverse points common to their polar spheres^ with respect to three cyclides having a 
common sphere of inversion U, is a cyclide of the sixth degree, having JJ for a sphere of 
inversion. 



DE. J. CASEY ON CYCLIDES AND SPHEEO-QUAETICS. 699 

Demonstration, If the polar spheres o£ the three cy elides with respect to the three pairs 
of inverse points («^ ^\ y\ ^\ {a!\ jS^ /, W\ {a!\ (5", /^ r) be X^ Y', Z', X^ Y^ Z^ 
X'', Y'^', Z''^, then the polar spheres of the cyclides with respect to the pair of inverse 
points whose sphero-coordinates are Jcod + l(x!^ -\-m(x!^\ k^^ -{-l^^^ -^-m^^^ Jcy^ -\-ly^^ -^-my^^^ 
B + lW-^mW will plainly be JcX! +1X1^ +mX!\ JcT+W+mY'\ Wl^W^^mTlK 
Hence, eliminating h^ Z, m, we get the required locus, 

X', X^ X^ 

Y' Y'^ Y'^^ 






? 



0, (177) 



a cyclide of the sixth degree having the circle at infinity as a triple line. 

Cor. If the pair of inverse points move along a circle^ the locus of the intersection of 
their polar spheres with respect to two cyclides will he a cyclide of the fourth degree. 

304. From article 301, we can easily infer theorems in cyclide reciprocation from 
known theorems in quadric reciprocation. Thus, if two spheres be concentric, the reci- 
procal of one with respect to the other is a concentric sphere. Hence, if two Cartesian 
cyclides havi7ig a common sphere of inversion have a common triple focus ^ the reciprocal 
of one with respect to the other is a Cartesiafifi cyclide having the same triple focus; or, 
since the theorem concerning the spheres may be enunciated thus, if tangent planes 
to a sphere intersect at given angles, the locus of their point of intersection is a concentric 
sphere, and the envelope of the plane through their points of contact is another con- 
centric sphere. Hence we infer that if three generating spheres of a Cartesian cyclide 
intersect at given angles, the locus of their points of intersection is a Cartesian cyclide 
having the same triple focus^ and the envelope of the sphere through their six points of 
contact is another Cartesian cyclide having also the same triple focus. These theorems 
may evidently be inferred by the methods of substitution given in the last Chapter. 

305. If we reciprocate one sphere with respect to another not concentric, we get a 
quadric of revolution. Hence the reciprocal of a Cartesian cyclide imth respect to 
another Cartesian cyclide having a different triple focus is a symmetrical cyclide, that is^ 
a cyclide having one of its spheres of inversion opened out into a plane, the corresponding 
focal quadric heing one of revolution. 

306. If we reciprocate a surface of revolution with respect to a sphere, we get a 
general quadric. Hence, if we reciprocate a cyclide having a plane of symmetry with 
respect to a Cartesian cyclide, we get a general cyclide. 

307. The principles explained in recent articles will obviously give some of the 
systems of substitutions explained in the last Chapter ; and, conversely, the results of this 
Chapter may be derived from the substitutions of the last. It is unnecessary to pursue 
the subject further, and I shall conclude the section with the two following theorems: — 

I''. The locus of the intersection of three rectangular tangent planes to a quadric is a 
sphere. Hence the locus of the pairs of points common to three generating spheres of a 
cyclide which are mutually orthogonal is a Cartesian cyclide. 

MDCCCLXXI. 5 c 



700 



BE. J. CASEY ON OYCLIDES AND SPHBBO-QIJAETICB. 



2*^. Every central quadric has two systems of circular sections. Hence every quartio 
eyelids has two systems cireumscribed to it ofUnodal Cartesian cyclides^andthe locus of 
their nodes is two right lines respectively perpendicular to the directions of the planes of 
circular sections of the focal quadric. 

Section II. — Poles and Polars. Sphero-giiartics. 

308. The investigation of the polar properties of sphero-quartics is analogous to that 
employed in the last section for cyclides. 

Thus if (a, §5 c^f^ g^ ^^(a, 3, y)^==0, where a^ ^5 y are circles on a sphere U, be the 
equation of a sphero-quartic, and ii ^a-^-i^^^-^v^y^C^ and X2a+p20+ ^27^^03 be two 
circles, then the condition that ZCi+mC2=:0 should be a generating circle is given by 
the determinant 

This determinant may be written in the form 

Z^^^+27m?)+^'S^'=0. 

Hence <p=0 is the condition that the circles C35 C2, and the tM^o generating circles whose 
centres lie on the same great circle with their centres, should form an harmonic pencil of 
circles, or it is the condition that their centres should form an harmonic row of points; 
or, again, it is the condition that their diameters should form an harmonic system of 
segments on the same great circle of U. 

309. The equation Q=:0 is the determinant 

a, k, g, Xi, 
K 'b, /, /^i, 
9^ f^ ^5 ^^ 



a, 


h, 


h, 


h 


9^ 


/. 



0. 



(178) 



(179) 



/*! 



'25 



15 



0, 



=0. 



(180) 



This is the condition that the circles C^ and 0^ may be conjugate circles with respect to 
the quartic ; if the suffixes be removed from the lower row, we see that, if the centre of 
a variable circle C^Xa+^3+i'y=0 move along the great circle 

a, ^5 ^5 Xj, 

h 'b, f, ^i, 

X, ^, V, 0, 

then C=0, Ci^XiOt+f^i/S+^'iy? ^i^d the two generating circles whose centres are on the 
same great circle with their centres form an harmonic pencil ; but if a variable circle 



;0, . 



(181) 



DE. J. CASEY OF CYGLIDES AND SPHIEO-QITAETIOS. 701 

whose centre moves along a great circle cuts a given circle J orthogonally, it will pass 
through two fixed points ; these fixed points are the limiting points of J and the great 
circle ; or if we denote, as Dr. Salmon does, the equation of a great circle by an equation 
of the first degree in x y z^ say L=0, and the circle J by the equation S^-— M=0, then 
the two limiting points will be given as those for which the discriminant of (S^-— M+^L) 
vanishes. These points will be the pole points of the circle Xla+/>6l^+*'l7=0 with respect 
to the quartic (a, 5, (?,/, g^ ^JK^? ^5 7)^=0. 

Cor. 1, The .great circle, (181) is the polar of the centre of Ci^XiOt-f i^i0+^i7 with 
respect to the sphero-conic whose tangential equation is 

AX'+B|t/.'+C^H2Hx^4-2Fp+2G^X=:0, 

where, as usual, A=hc—f^^ 'B=ca-—g^^ &c. 

Cor. 2. If two circles be such that one of them. A, passes through the pole points of B, 
then, conversely, B passes through the pole points of A. 

310. If (a', ^^ y') be the cyclic coordinates of a pair of inverse points, that is, the pair 
of points given by the system of circles 

0^'. &. y\ 

and a", ^\ y^ the cyclic coordinates of another pair of points, then la'+ma''^ 0+m0\. 
ly^+my^^ will be the coordinates of a pair of points coney clic with them; and if these 
satisfy the equation of the sphero-quartic, which we may denote by Q, we shall have 

TO'+2/mP+m^Q"=0 . (182) 

Now, if P=0 the circle through (a', 0', y'), (a", 0", y") meets the quartic in two pairs of 
points which are harmonic conjugates with respect to the two pairs (a', 0', -y'}, (a", 0", y") ; 
but P is 



(«'.4^+'3'|r, + y'^)Q". 



Hence the equation of the polar circle of the points (a', ^', y) is 

(4+^'| + 4)Q=0 (182 a) 

Cor. 1. From this article we have evidently the following theorem : — -If through a pair 
of inverse points a', ^^, y we describe any circle Z cutting the polar circle of (a^, ^', 7^) in 
a pair of inverse points (a^, ^\ y"), Z will cut the quartic in two other pairs of points, 
such that the four segments made on Z by (a^, 0:> y')^ {oi\ ^^^ 7") and by the quartic are 
harmonic. 

Cor. 2. If (a', ^', 7') be a pair of points, the generating circle which touches Q at 

{ai, 0, y') is 

«'^+'3'|+y^)Q=0- • ■ • (183) 

Cor, 3, If through a pair of inverse points we describe two generating circles of the 

5c2 



( 
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quartic, their points of contact with the quartic lie on the polar circle of the given pair 
of inverse points. 

311, The discriminant of the equation (182) is 



Q'Q'^=P^ 



Hence the equation of the pair of generating circles of the sphero-quartic which pass 
through (a', ^'5 y) is 

QQ'={(«'^+'3'|+y|;)Qf (184) 

This equation can also, as is evident, be written in the form 



/3'y-/3y, 



y'a — ya'. 



0. . . . (185) 



a, h, g, 

g, /, C, a'^—a!^, 

3'y-3y, y'a-ya', a'^-a^' 0, 

In like manner the equation of the four points in which the circle Xia+/«j|3+''i7 cuts the 
quartic is 

2' 2"-p'=0 (see art. 308), (186) 

which may also be written in the form 



H, 



l^Dy 



B, 

F, 



—"K, 



F, 
C, 



l^h^ 



Xfjb^ 0. 



(187) 



CHAPTER XY. 

Invariants and Covariants of Cyclides. 

312. It is always possible in an infinity of ways to choose four spheres m^ /3, y, I so 
that the equations of two cyclides having a common sphere of inversion can be thrown 
into the forms 

W^{a\ h\ d, d', V, m!, </, $', f%m, (3, y, ^)^=0. 

For each of these equations contains explicitly nine constants, and each of the spheres 
ccj /3, y, S contains implicitly four constants, so that we have thirty-four constants at our 
disposal, and we require but twenty-two. For the two cyclides are determined when the 
common sphere of inversion and the two focal quadrics are given ; hence the number of 
constants required is 4 + 9x2=22. 
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313. Denoting the discriminants of W, W by A, A^, we have A, A' given by the 
determinants 



(188) 



a , 


n. 


m, 


i'. 




a' 5 


n!^ 


m'. 


y, 


n, 


I, 


I, 


r, 


, A- 


7l! ^ 




I' , 

c' , 




P, 


% 


r, 


d, 




$', 


2', 


r' , 


d'. 



Then the discriminant of kW+W will be got from A by writing in place of a, 5, &c. 
ka+a\ Jch-\'h\ &c.; the result will be a quartic in Ic^ which I shall call the invariant 
equation of the two cy elides, and write in the form 

^^A+F0+^'O+y^0'+A'=:O (189) 

Since there are four values of h which satisfy this equation, we see that through the 
curve (WW) can be drawn four binodal cyclides, that is, four cyclides each having two 
conic nodes. If we eliminate Jc between ^W+W' and (189), we shall get the equation 
of these four binodal cyclides, namely, 

AW^~-0W^W + $W^W^-0WW^+AW^=O. . . . (190) 

314 Since the equations of W, W^ are the same in form as the tangential equation 
of their focal quadrics F, F, and if F, F touch, W, W^ will have double contact, hence 
it follows that the condition of W, W having double contact is the vanishing of the 
discriminant of the invariant equation (189); /.the tact-invariant of W, W is 

4(12 AA'~- 300'+ $')'-(72AA'$+900^O-27A0'^-27A'0^-2O7. . (191) 

315. The tact-invariants of two conies and two quadrics are the analytical expression 
of remarkable geometrical properties which have not been hitherto noticed by any writer 
so far as I am aware ; on this account, and because extensions of them hold for the tact- 
invariants of two bicircular quartics and two cyclides, I shall give their investigations here, 
and we shall incidentally find results that are important independently of the properties 
that we have alluded to, and which we now proceed to demonstrate. 

316. If A, B, C, D be four points ranged in alternate order on a right line, the six 
anharmonic ratios of A, B, C, D can be expressed 
in a way that bears a remarkable analogy to the 
six trigonometrical functions of an angle. 

On A B and C D describe circles ; let O, 0^ be 
their centres, P one of their points of intersection, 
then the angle O P O' equal angle of intersection 
of the circles ; and taking the six anharmonic 
ratios of A, B, C, D, as given in Townsend's 
' Modern Geometrv,' or Chasles's ' Geometrie 
Superieure,' it is easy to see, if we denote the angle O P O^ by Q, that we shall have the 
equations : 
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(1) 
(2) 
(3) 
(4) 
(5) 
(6) 



UA. 

CJ3. 


AD 


HA.. 

:AB. 


AC. 


Bl) 


: HC. 


HA 


.CD 


:CA. 


AB. 


,CD 


:CB. 


BC 


. AD 


:AC. 



CD=cos^i5, 
AD=:sec^|S, 



317. Let there be given two conies referred to their common self-conjugate triangle 
S^^^+J/^ + ^^5 ^'^(^oo^-^-by^ + cz^, and let us denote by Q\ &\ &" the angles (see last article) 
of the anharmonic ratios of the three quartets of points in which the sides of the self- 
conjugate triangle is intersected by the two conies. Then for determining ff we must 
find the anharmonic ratio in which the side ^=:0 is intersected by the two conies; for 
that purpose we have the pencil formed by the two pairs of lines f-^z^=0 and iy^-^-cz^zizO, 
and we easily get 

I Ao" /^cT \ •^ 



Hence 



sinks' =z 


402C2 


Gos^ia^- 


4Z>%2 


c,"v>2 A/ 


{b-cf 



4bc 



Now if we form the invariant equation in k for the two conies S, S^ that is, if we 
form the discriminant of ^S+S^ and denote its roots by k', k", ¥\ these roots are 
known to be —a^ —h^ — c. Hence we have the following system of equations:— 



sin^^^ =-{¥-¥ J: ikn'\ 
sin^ ^^^ =-(F'-/?;' )^• 4F'yi;' , 
sin^^^'^=-(y&' ^¥f\4:Kk\ 



(192) 



Hence the discriminant for the invariant equation of the two conies S, S' is 
— 64A^^ 64 A'^ 

— ^2 — (sin^S^ sin^S'^sin^^'^^), or omitting the multiplier — -^ — , which is numerical, the 

discriminant is sin^ &, sin^ 6^^ sin^ &^^ ; and as each sine squared is the product of two 
anharmonic ratios (see art. 316), we have the following theorem, which is the one 
referred to in art. 33 5 : — 

The tact-invariant of two conies is the product of six anharmonic ratios^ and the 
vanishing of any one of these six ratios is a condition of contact of the two conies. 

Cor. From the values given for the invariant angles &^ &\ &^^ in this article, we get 

Hence ^^ + ^^'+^''^ = 0? that is, the sum of the three invariant angles of two conies is egual 

to zero. 



DE. J. CASEY GN CYCLIDES AND SPHEEO-QUAETICS. 705 

318. If we take the original conies S, S^, and form the reciprocal of S with respect to 
S^5 we get (2V+ J^y^+<^V ; if we denote this hy S^', and form the invariant angles of S, S^'j 
we find them to be 2^^, 2f^ 2d"^ ; similarly, if S'^' be the reciprocal of S' with respect to 
S^', the invariant angles of S, S^'^ are M, 5&', M"^ and so on. Again, if we denote by Si 
the conic which reciprocates S into S', the invariant angles of S, Si are ^S^, ^^"^ ^Q^'^^ &c. 

Cor. If two conies S, S^ he so related that a triangle circumscribed to S ivill he inscribed 
in S', and if we reciprocate S with respect to S-, the reciprocal conic S-' will he related to 
S hy the condition that any triangle inscribed in S" will he self conjugate with respect to S. 

319. From the values given (art. 317), we get cos^^= — -r^; and since —a^=^Jc'^ we 

have cos & --s/k'^^^ih-^-c) : 2 s/ —ahc.^ with similar values for cos W -^^JW^ cos &^^'~\/¥^. 
Hence we may write the equation of the conic (p, which is the envelope of a line cut 
harmonically by S, S^ (see Salmojst's ' Conies,' p. 334), in the following manner :— 



cos fl'\ „ . /cos ^^' 

V7- X 4- 



)f^^+(w)^^=^^v ^1^^) 



This equation is altogether metrical, having no reference to any particular system of 
axes, being in fact true for any system whatever of trilinear axes. 

Cor. 1. In like manner the equation of Salmon's conic F, which is the locus of points 
whence tangents to S, S' form an harmonic pencil, may be written in the form 

x/Fcos^'^^+^Fcos^Y+v/Fcosr;s^ (194) 

Cor. 2. The discriminants of the co variant conies <p, F are the quotient and product 
of the expressions cos &, cos &K cos &^^ and s/K . Id^ . Jc'^^. 

Cor, 3. The reciprocal of S' with respect to F, that is, with respect to the conic (194), 
is 

cos^6'^'^ + cos^fiy+cos'r;s^=0. ....... (195) 

320. It is easy now to extend the results we have arrived at to the case of two 
quadrics. Let them be 

V^ax^+hy^+ct''+dw''=(), 

V^^2 j^y'2 _^^2 ^^2 _.Q. 

and if the angles be determined thus, 

the following Table gives the angles for the pairs of conies in which the faces of the 
self-conjugate tetrahedron intersect the quadrics : — 
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Eaces. 


& , 


Angles. 

6" , 


^(v.)^ 


y^ 


&", 


6'"\ 


g(v.), 


2, 


&", 


Q^"\ 


fiw, 


W, 


&, 


&' , 


&" ; 



and then the discriminant of the invariant equation of the two quadrics is 

sin^ Q' . sin^ S" . sin^ &' . sin^ 6^^^> . sin^ 6^^> . sin^ 6^^^^ 

which, as in art. 317, is the product of twelve anharmonic ratios. Hence the tact- 
invariant of two quadrics is the ])roduct of twelve anharmonic ratios^ and the vanishing 
of any one of these ratios is the condition of contact of the two quadrics. 

Cor. It follows from art, 317 that the condition of double contact of tim Ucircular or 
ttvo sjphero-quartics is expressible as the product of sixjinharmonic ratios^ and^ from the 
present article^ of twelve anharmonic ratios^ for the double contact of two cyclides, 

321. We now return from this digression (articles 315-320). If the cyclide W (see 
art. 313) be a binodal cyclide, we have A'=0 ; and we proceed to examine the meaning 
in this case of ©, $, ©^ Let us take the nodes of W^ as the points common to three 
of the spheres of reference a, jS, y, then in the equation of W (see art. 313) y, q\ r\ d^ 
all vanish, and we get & =d(a'b'c' '^2Vmhi^ — a'P —b'7n'^^ —- c'n'^)^ or & vanishes if W break 
up into two spheres, or if the nodes of W^ be on the surface of W. Let the binodal 
cyclide which circumscribes W, and whose nodes coincide with those of W, viz. 

6?(aa'+^/3'+(?y' + 2Zj3y + 2m7^+2n^j3)---(^^+^/3+ry)^==0, 
be written 

a' a' + ¥(3' + c'f + 2 l"(3y + 27n'ycc + 2n"cc[5 = 0, 

then O may be written 

a"(b'G' - V) + b'(c^a^ - m") + c"(a'b^ - n") + 2 l"(m'n' - a!V) + 2m!\nlU - b'^n!) + 2n!\lm^ - c'n'). (196) 

Hence, by the theory of bicircular quartics (art. 174), ^P vanishes tvhen the intersections 

of three harmonic spheres of W are three circles having double contact with W. In like 

manner 

dQ = a\Wd^ - r) + b'{cV - 7n"') + d[d^W - n!^') + 2 ?(m^W^ --- a' I') 1 .^^^. 

+ 2m^(7^'7^' - 5^ W^) + 2n\lV - d^n!% J 

or vanishes w^hen the generators of W are harmonic spheres of W^ (see ' Bicircular 
Quartics,' art. 218). 

When W breaks up into two spheres, both A^ and 0' vanish. Let the two spheres 
be a, j3, then W' reduces to noc^^ and $ reduces to n'%r^—cd)^ or O will vanish when 
the intersection of the two spheres is a circle having double contact with W. In like 
manner vanishes when the two spheres are conjugate spheres with respect to W. 
The condition will be satisfied, 0^— 4A$, if either of the two spheres be a generating 
sphere of W. 

322. Given nine cy elides, Wj, W2 Wg, it is possible in an infinity of ways to deter- 
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mine nine constants Zj, 4? h^^ ^^^^ ^Wj+^Wg +4W9 may be a perfect square 

L^, or the product of two spheres, M and N; it is required to prove that the envelope 
of the sphere L is a cy elide, and that M and N are conjugate spheres with respect to it. 
Demonstration. We can determine a cyclide W;^(<^, h . . .ya, 0, y, ^f so that the 
invariant shall vanish for W and each of the nine cy elides, since we have nine equa- 
tions of the form 

A, B, C, &c. being the minors of the determinant A (see art. 313), and a^^ Sj, (?i, &c. the 
coefficients of Wj ; hence the mutual ratios of A, B, C are determined. Now if we 
have separately nine equations of the form (198), we have plainly also 

A(Zi(5^i+4^2 • • • 4^9)+ &c. —0, 
that is, vanishes for W and every cyclide of the system l^i + 4W2 . . . ZgWg. Hence 
the theorem is proved. 

Cor. If the sphere M be given, N passes through a given pair of inverse points, namely, 
the pole points of M with respect to W. 

323. If we are given only eight cyclides,Wi, W2...W8, and seek to determine the 
cyclide W as in art. 322, so that the invariant shall vanish for W and each of the 
eight cyclides, then, since we have only eight conditions, one of the tangential coefficients 
A, &c. remain undetermined ; but w^e can determine all the rest in terms of that one, so 
that the tangential equation of W is Q + KQ^—O. Hence the focal quadric of W 
contains an indeterminate constant in the first degree, and therefore it passes through a 
given curve. 

324. If ten spheres, aj, 063... a^o, be all generators of the same cyclide W, their equa- 
tions are connected by a linear relation, 

Z,a?+4^1...Wo = (199) 

Demonstration. Let ai=Xia4-f>(;i^4-i^iy+§i^~0? &c. ; and writing down the conditions 
that oti, Ota, &c. are generating spheres of W, and eliminating linearly the ten quantities 

a?, 0", 7', l\ a0, ay, a\ ^y, 3§, yS, 

we get the following determinant : — 



X? ^ 



2 



1 



X 



l^l 



V2 






\qi [Ah fl?! ?1«'I 
K?2 (J^ih hi2 ?#2 



4 
5 
6 
7 
8 
9 
10 



0. . 



(200) 
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but this is also the condition that the squares should be connected by the linear 
relation. 

325. Propositions similar to those of the three last articles hold for sphero-quartics 
and also for bicirculars. Thus the analogue of art. 322 is, being gi\en fiye sphero-quartics 
Sj, S25 S35 84,85, and if multiples 4, 4 • • 4 be determined so that 481 + 482+483+484+485 
may be the square of a circle j*, then the envelope of i' is a sphero-quartic. The analogue 
of art, 324 is, if six circles be generators of the same sphero-quartic, their equations are 
connected by a linear relation. 

326. To find the equation of the binodal cyclide formed by the generating spheres 
which touch W along the sphero-quartic in which W is intersected by the sphere 
Xa+f///3+i^y+g^, where X, fo, p^ g are multiples. 

The equation of any cyclide touching W along this curve will be of the form 

^-y^ ^ ^^^ _|_ ^|3 ^ ^y _|. g,^^2^ 

and it is required to determine k so that this cyclide will be binodal. We find in this 
case $, ©', A' all =0; the invariant equation has therefore three roots =0; and if we 
denote by or the tangential expression (A, B, C, D^ L, M, N, P, Q, E](X, ^, p, ^f^ the 
equation of the required binodal will be 

(rW=:A(Xa+f^0+py+gS)^ ..... . .... (201) 

Cor. 1. When Xa+jW^^+i'y+gS is a generating sphere of W, the binodal (201) reduces 
to (r=0. 

Cor. 2. If a', ^^, -j/, l^ be the sphero-coordinates of the points polar to Xa+f^^+i'y + gS 
with respect to W, and if W' be the result of substituting a', 0', y, V in W, then we have 

(r=AW^ (202) 

For the binodal circumscribed to W ,whose nodes are a', 0^ y, V, is 

(see art. 280), and eliminating Xa+f^0+i^y+gS between this and (201), we get (202). 

327. To find the condition that the circle of intersection of two spheres shall have 
double contact with W. Let W be given by the general equation, and let the spheres 
be Xa+f/>3+i'y+gS, X^a-^i^'^'{'v'y + ^% then the required condition is the determinant 



a , 


n, 


W, 


i'. 


K 


■K' 


n, 


i, 


I, 


s^ 


/*> 


l^ 


m, 


I, 


c , 


r, 


" , 


1/' 


P> 


S> 


r , 


d, 


?' 


§' 


^, 


f*' 


" , 


f' 






X', 


^', 


^ 


§'. 







=0. 



(203) 



828. The condition s=0 (see art. 326), that the sphere Xa+(!i0+j'y+§S should be a 
generator of W, is a contravariant of the third order in the coefficients of W. Hence, if 



DB. JE Cmm (M eiOEIDES AM) SPHEEO'^QFAETICS; 109 

we substitute for each coefficient a, a+ka^^we get the condition that Xa+i^^+^y+g^ 
shall be a generator of the cyclide W-\-FW. The condition will be of the form 

<r+kT+k\'+W=0 (204) 

In terms of the functions (X, r, r', a^ can be expressed the condition that the sphere 
Xa+iW'3+i'y+f^ shall have any permanent relation with the cyclides W, W; as, for 
instance, that it should intersect them in sphero-quartics w, w' connected by such perma- 
nent relations as can be expressed by relations between the coefficients of the discriminant 
of w-^kw'. Thus if we form the discriminant with respect to k of equation (204), we 
get the condition that the sphero-quartics in which Xot+iW'0+i'y+§5 intersects W and W^ 
shall have double contact; in other words, the discriminant is the condition that the 
sphero-quartics shall have a common generating circle which touches both quartics at 
the same points. Again, r=0 is the condition that the sphero-quartics w and 'm;' are so 
related that the harmonic circles (see ' Bicircular Quartics,' art. 184) of one are generators 
of the other. 

329. The coefficients <r, r, r', c' of equation (204), and the discriminant of the same 
equation, have another geometrical interpretation. Thus (T and a' are the equations in 
tetrahedral coordinates of the focal quadric of W and W^, x', ^^5 p^ g being the current 
coordinates (see art. 27), andr, r' are quadrics covariant with (T, c'. Thus r '4s the 
locus of a point whence cones circumscribing <r and cr' are so related that three edges 
of one can be found forming a self-conjugate system with regard to the second, and 
three tangent planes of the second which form a self-conjugate system with regard to 
the first" (see Salmon's ' Geometry of Three Dimensions,' page 159). The discriminant 
of (204) is the developable circumscribed to <r and (x' ; in other words, the locus of the 
centre of Xa+ jM/0-f i"/ +§^ is the developable. Hence we infer : — The locus of the centre 
of a variable sphere which cuts two cyclides in sphero-quartics having double contact is 
the developable circumscribed about the focal quadrics of the cyclides which correspond 
to their common inversion sphere. 

330. If we suppose the cyclide W^ of the last article to become U^, we have the 
following theorem: — The locus of the centre of a sphere S intersecting the cyclide W in 
a sphero-quartic WS which has double contact with the sphero-quartic WU is the deve- 
lopable '^ formed by tangent ^planes to U along WU (see Chapter VIII., art. 142). 

331. If W^aa^+^0^+(?y^ + d^^=:O, then ^=Ax^-hB|U.^+a^+D|% where K=bcd, 
B=(?(Za, &c. ; and changing a into a-\-'kd^ &c., we get 

b~^~c-^-lY^''-\c'^^^^ • (205) 

and the cyclide which has (205) for a focal quadric will be got by reciprocating (205) 
and substituting a, 0, 7, S for the variables. Hence the required cyclide will be 

This will be the locus of the nodes of binodals circumscribed to W W^, the same points 
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being nodes for hotli^ if three harmonic spheres of one Unodalhe three generating spheres 
of the other. 

332. We can reciprocate the process of recent articles. Thus, let V, V^ be the focal 
quadrics of two cyclides W, W having a common inversion sphere, then V+^V will 
be the focal quadric of a cyclide whose equation we can find as follows, viz. form the 
tangential equation of V+^V', and substitute a, ^, y, § for the variables, the required 
equation will be 

p , 7 . A ^207) 



ri + 



— 4_ L I - 

-1 I ^-ij-Z-W-iT^, 



a-''^ka'"'^b-''+kb'-'^c-' + kc^'-''^d-'+kd'-'' 



0; 



^""\ b~\ &c. are evidently the coefficients of V, since a^ 5, &c. are the coefficients of W. 
The discriminant of (207) with respect to k will be the envelope of all the cyclides 
which it can represent by varying ^, that is, it will be the tore with which they all have 
double contact. The curve of taction of any of them with it will be of the eighth 
degree, being the intersection of tw^o cyclides of the fourth degree. 

The geometrical interpretation of the discriminant is^ that it is the envelope of a variable 
sphere cutting U orthogonally^ and whose centre moves along the twisted qiiartic (V V). 

333. We can get the equation of the cuspidal edge as follows : difierentiate (207) twice 
with respect to ^, and we get a system reducible to the following equations : — 

rrivs^O, . . . (208) 



a^'^o? 



c'^'^y^ 



{a-'-irlid-'f^{b--'-\-kV-'f^{c-^ + y-'f'^{d-' + kd'-')' 
(gfflQ-'q^ (MQ-'/S^ {cc'yy , W-'8^ 



{«-! -[-kal-^f ^ {b-'+kbl-'f^ (c-i + kd-'f ^ {d-' + kd>-'f 



0. 



'\-2«2 



(a')-'a 



3n3+ 



(S')-^/3 



i\ -2^,2 



(c')-V 



{d')-^l^ 



naT" I, II i-J-i\s'T iri-i ^ h^i-ws — "• 



(«-' + Aa'-if"r(6-' + M'-i)8^(c-' + ^c'-')8~(al-' + A;<^'-i) 



. . (209) 

. . (210) 



The result of eliminating Ic between these equations will be a pair of equations repre- 
senting tw^o surfaces whose curve of intersection will be the cuspidal edge. 
Now solving the equations (208), (209), (210), we get 



u 



2 



[a-^-i-kal-'^y 



1 

52, 


1 

^2? 


1 


1 

by' 


1 


1 

ddl' 


1 

5/2. 


1 


1 



'h? suppose. 



.2\ 4 



■pj , with similar values for {b'^ -{-W "% &c. ; and substituting 

in the equation (207), we get 

(AV)H(B^/3f"+(CY)H(D^^')^=0 (211) 

as another surface on which the cuspidal edge lies. But if we eliminate Tz between any 
three of the equations for ^j^^^+M'S 5~^+^&'~S &C.5 we get four equations of binodal 
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cyclides, each of the twelfth degree, on which the cuspidal edge also lies. These equa- 
tions will be similar in form to the sextic cones containing the cuspidal edge of the 
developable circumscribed about two quadrics (see art. 182). 

Cor. If any of these Unodals he inverted from one of its nodes^ it hecomes one of the 
sextic cones o/art. 182. 

334. The equation (207), cleared of fractions, becomes 

A'W+/^T+/^^r+^-^AW • . (212) 

If in this equation we put ^=s ^x, we get 

A^W+xAT+x^AT+x^A'^W^=0. ....... (213) 

Compare Salmon's ' Geometry of Three Dimensions,' art. '206. The value of T is 

and T^ is got from T by interchanging accented and unaccented letters. 

In terms of the cyclides T, T^ can be expressed all the cyclides having permanent 
relations to W, W^ Thus if 

S be the reciprocal of W with respect to W, 

S^ be the reciprocal of W^ with respect to W, 
then 

T=0'W-S', (216) 

T^s0W~-S (216) 

Hence W, S', T have a common curve of intersection. 

335. The discriminant of (212) is 

27AWn¥n¥^^+4(AWT^+AW^T^)-~Tr(Tr+18AA'WW% , . (217) 

an equation of the sixteenth degree, since it contains m^ ^5 y, ^ in the eighth degree. 
The imaginary circle at infinity is on this surface a mtdtij>le curve of the eighth degree^ 
so that it is an octavic cyclide. 

By making W=0, we see that the surface touches W along the curve WT, and that 
it meets W again in the curve of intersection of W with T^"— 4AWT; this represents a 
system of eight circles which are generators of W. The sections of (217) by the spheres 
of reference are easily obtained ; for, by a known process, the section of the discriminant 
of (207) by the sphere S will be the sphero-quartic squared, 

«#^=^'i+M'-~5'(^+m^^W5/ ' .....*., (ii5j 

multiplied by the discriminant of 



a 



<£» [JL Xf A J '»' 



P , r 



lH"/»-l j-Z-AZ-lH" 



a-i + i^a'-i"^6-iH-A:6'-i^c?-i + Ac'-^' 
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or the system of four circles, 

a^adihd - Vc) ±^^bb\ca! - da) ± ysf(^G\oM ~ a'h) = . . . . (219) 

The section is therefore a sjphero-giiartic counted twice and four circles. 
Cor. The four circles are generators of the sjphero-quartic. 

336. We can show geometrically that a generating circle of the cy elide W on each of 
the eight generating spheres common^ to W, W, S', or to W, W, T', is also a generating 
circle of the cyclide (212), and therefore that these eight circles form the locus which is the 
intersection of W with T'^ — 4ATW(see art. 335). Since S' and W are reciprocals with 
respect to W, it is evident that, on the eight spheres which are common generators of 
W, W, S', at the points of contact of W, W with S^ these spheres are coincident. Hence 
one of the generating circles of W on each of these generating spheres is also a generating 
sphere of the cyclide (212) ; hence W and (212) have eight common generating circles. 

337. The cyclide (212) is the same generalization of the developable circumscribed 
to two quadrics which a cyclide of the second degree in a^ j3, y, § is of a quadric, — thus 
to the generating lines of one corresponding generating circles of the other, and to the 
nodal conies corresponding nodal sphero-quartics, and so on. Hence, by the system of 
substitutions established in Chapter XIII., we can get from the properties proved in 
Chapter VIII. of the developable ^, theorems which hold for the cyclide (212). The 
following are a few illustrations : — 

1"". Eight lines of 2 meet any arbitrary line. Hence eight generating circles of (212) 
meet any arbitrary circle orthogonal to the sphere U. 

.2''. The curves of taction of !^ divide homographically the lines of the system. Hence 
:llie curves of taction of {212) divide homographically the circles of the system, 

3*^. The nodal lines of 2 divide equianharmonically the lines of the system. Hence 
the nodal sphero-quartics of (212) divide equianharmonically the circles of the system, 

4"". Any line of !^ meet its curves of taction in points the tangents at which to the curves 
of taction envelope a plane conic. 

Hence amj generating circle of (212) meet its curves of taction inpoifits^ the generating 
circles of the curves of taction through which are generators of a sphero-quartic. 

338. Since the surface* (212) is the envelope of a variable sphere cutting U ortho- 
gonally, and whose centre moves along the twisted quartic (W^), then (W) is the 
deferente. From this generation we can also infer the properties of (212). Thus the 
cuspidal edge of (212) is the locus of the limiting points composed of the sphere U and 
the osculating planes of (W). 

2*". There are sixteen pairs of stationary "points on the cuspidal edge ; these correspond 

to the stationary planes of ( W). 

3^ Any sphere cutting U orthogonally meets the cuspidal edge in twelve pairs of inverse 
points. This follows from n=12 (see art. 224). 

4^ The cuspidal edge is an anallagmatic, U being the sphere^ of inversion. 

339. To find the locus of a pair of inverse points whose polar spheres with respect 
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to "W will be a generating sphere of W+/&W'. We have then in c+Arr+Fr'+^ff' 
to substitute -^5 -^, -j-~ , — - for X, fju^ p^ q; the result is expressible in terms of the 
coTariants ; it is 

AW+>^(0W-^AWO+i:^(<I>W"-TO+/rXeW->T)=O. .... (220) 

In like manner the locus of inverse pairs of points whose polar spheres with respect to 
W^ are generating spheres of W+^W^ is 

0W-T^+^(#W-^T)+/l:t0W^-^W)+FAW^=O. .... (221) 

340. To find the locus of a pair of inverse points whose polar spheres with respect to 
W, W^ form a conjugate system with respect to W+^W^ Let 

and the locus will be 



a-\-ka'. 


0, 


0, 


0, 


acc^ 


0, 


b+kb', 


0, 


0, . 


b^, 


0, 


0, 


c-^kd, 


0, 


cy, 


0, 


0, 


0, 


d-j-kdJy 


dh, 


am^ 


b^, 


cy. 


d\ 


0, 



0. . . (222) 



This can be expressed in terms of the covariants, and is the cyclide 

AW+AT'4->^T+^WW=0 (compare 212). ..... (223) 

(341). To find the condition that a given circle should have a given pair of inverse 
points common to the curve of intersection of two given cyclides W, W. Suppose we 
have formed the condition (see art. 327) E^O^ that the given circle should have double 
contact with W, and that we substitute in it for each coefiicient a, a+ka^, &C.5 the con- 
dition becomes 

'R+k7r+k'B!=0 ; (224) 

and if the given circle has any arbitrary position, we can, by solving this quadratic for 
k, determine two cyclides through the intersection of W and W^, each having double 
contact with the given circle; but if the given circle has a pair of inverse points in 
common with the curve (WW% the cyclides having double contact which can be drawn 
through (WW^ become coincident, and the equation (224) becomes a perfect square. 
Hence the required condition is the discriminant 

4ER^™^^=0 . . (225) 

Cor. 7r=:0 is the condition that the pair of segments which W intercepts on the given 
circle should be harmonic conjugates to those which W^ intercepts on it. 

342. lfW^am'-^b[3'+cf+dh'=0,W'^a'a'+V(S'+cY+d^h'=0, and if the circle 
be the intersection of the spheres 
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then 

E^sum of the six terms y,al)(p^^—p'^y^ 

'T^^the sum ^{aV -^cdh^v^ —J^f, 



Therefore 






. . . . (226) 



343. The surface generated by the circles ivhicli have double contact with the curve of 
intersection of W and W may be generated as the envelope of a variable sphere which 
cuts TJ orthogonally and whose centre moves along the cuspidal edge of the developable 
circumscribed about the focal quadrics of W, W which correspond to their common sphere 
of diversion U. For let us consider any circle having double contact with the curve 
(WW). Then, since a circle having double contact with WW^ is orthogonal to the 
sphere U, it is plain that a line through its centre perpendicular to its plane is a line of 
the developable circumscribed to the two focal quadrics, and therefore the sphere con- 
taining two consecutive circles will have its centre at the point of intersection of two 
consecutive lines of the developable that is on the cuspidal edge. Hence the theorem 
is proved. 

344. The curve (W W^) is a cuspidal edge on the surface generated by the circles 
having double contact with (W W^). This is evident ; for any circle having double contact 
is the characteristic of the surface (see Monge, 'Application de I'Analyse a la Geometric,' 
p. 53), and the points of intersection of each characteristic with the consecutive one 
form the cuspidal edge. Hence the proposition is proved. 

Cor. The cuspidal edge is an anallagmatic. 

345. To find the equation of the surface generated by the circles ivhich have double 
contact ivith the curve (W W). 

Let us consider any pair of inverse points on any circle which has double contact with 
(W W). The polar sphere of this pair, with respect either to A¥ or W^, passes evidently 
through the two points of contact of the circle under consideration with the curve 
(W W). The circle of intersection, therefore, of the two polar spheres intersects the 
curve (W W^ in two points; therefore the equation of the required surface is found by 

substituting in the equation (226) for X, ^, v, g, ^, ^^, ^', ^, and for 7^, ^\ v\ /, 

^W^ dW JW dW 

da' d^' dy' dl' 

This surface is of the sixteenth degree, being of the eighth degree in a, /3, y, ^ ; when 
we use the canonical forms aa,^ -\-b^^ + cf -{- dl% aV+Z^'|3'+cy+<^'S' for W, W, the 
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equation of the surface becomes 

+ 22(aS' - a'b){ac' - a'c)(cd' - c'dy{bd'-b'dy(iyh* 
+ 2«^/3y S^ { (aS' - a'b)(cd' -dd)- (ad' - a'd)(bc' - b'c) } 
y{(ad'-a'd){bc'-b'c)-{bd'-b'd)(ca'-c'a)} 
X{(bd'-b'd)(ca'-(^a)~(ah'-a'6){cd'-(fd)}. 



■ . . (227) 



The imaginary circle at infinity is a multiple curve of the order eight on this surface. 

Cor. 1. When we make ^=0 in equation (227) we get a perfect square. Hence each 
of the four spheres of reference meets the surface in a double line on the surface. 
These double lines correspond to the double lines of the developable A (see Chapter 
VIII.), and each of them has six double points. Thus the sphero-octavic in which S 
intersects the surface is expressed in terms of a, j3, y, and is of the form 

t 

Hence the three pairs of points (a/3), (j3y), (ycc) are double points. 

Cor. 2. The equation (227), expressed in terms of the co variant cy elides, is given by 
the determinant 



0. . (229) 



OWW-TW -TW^ 2(0WW--TW- AW^), 

Cor. 3. The surface also meets W in the curve of intersection of W with T^^~-4ATW^, 
which we have shown represents a system of eight circles which are generators of W. 

Cor. 4. Any arbitrary circle orthogonal to U meets eight generating circles of the 
surface, and the spheres determined by the arbitrary circle and the eight meeting circles 
are generators of a cyclide. 

346. If a cyclide W be given by the equation 

and also by this other equation referred to different spheres, 

then we can infer, as in Salmon's 'Geometry of Three Dimensions,' art. 192, the fol- 
lowing theorems : — 

l"*. The eight spheres a, |3, y, ^, cc\ (3\ y\ V are generators of the same cyclide. 

2"". The two quartets of pairs of inverse points 

(c /3 7), (a /3 S), (cc y I), (/3 y S), 
lie on a cyclide ; this theorem (2*") may be inferred by reciprocation from l"". 

JJ^IDCCCLXXL 5 E 
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347. If W, W be two cyclides, S^%m+[jj(5'j-vy-{-qh=0 any sphere, and it be required 
to find the condition that the binodal cyclides formed by the generating spheres which 
touch W, W along their curves of intersection with S may intersect along a third 
cyclide W^, the three cyclides being given by the equations 

W ^aoc' +5i3^ +cf +d^ ==0, 
W =aV +Vfi' +cY + d^l' =0, 

then we have 

(T^^icdTs,^ -^cdaiju^ -^-dabv^ -{-abcf^ A=abcd^ 

(^^yddJ-K^+ddaJi^^ + d^a!Vv'+dVcq\ A' ^dVdS. 

Hence (see art. 326) the equations of the binodals which circumscribe W and W along 
the sphero-quartics (WS) and (WS) are 



/3.2 ,,2 ^2 ^2\ 



3.2 „2 «2 -.2\ /5,2 ,,2 Ji ffi\ 



Hence we must have, by the given conditions 

where Jc is some constant ; and equating coefficients, we get 



fi- 



s'(M^)+^'(-:-?)+(''0-^)=*«". 

<-f-:^)+.-(f-f)+.'0-^)=«"; 

multiplying these equations by — ,, ~„ — /, ^/, and adding, the left side vanishes identi- 
cally. Hence the required condition is 

AV «^' vV' gV_ 

aa' ^ bb' ^ cc' ^ dd' —^- : • ' • • • • • v^^"; 



348. The envelope of the sphere S=Aa+p/j3+cy+g^=0 is the cyclide 

5'«'+F/3^+5^y^+f ^^=0, ....... (231) 

the tangential equation of its focal quadric being (230); I shall denote the cyclide (231) 
by W'l. 
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349. If the cycUdes W, W, W" pass through a common curve, the cyclides W, W, W" 
are inscribed in the same cyclic developable (see art. 335). 
Demonstration. The focal quadrics of W, W, W'l are 



F 



F' 



F,': 



^ aa! + hJJ + .J -r ri, 



W 



da 



NowifW=W+^W, we must have a!^=a'\'ka! &g. Hence F^^F+^F, that is, 
the focal quadrics pass through a common curve. Hence the proposition is proved, 

350. If the cyclide W^^ j)^55 through the curve (WW^), the cyclide Wi' is inscribed in 
six cyclides passing through (WW). 

Demonstration, If two cyclides, 0, 12', be such that one is inscribed in the other, then 
the reciprocal of Q with respect to Q! is inscribed in 12', and also the reciprocal of Q! 
with respect to Q. 

Let 0=Aa^+B^^ + Cy^+DS^ Q'=A'c^^+B'0^ + CV'+D'^^ Hence the required con- 
dition will be the determinant 



A, 


B, 


c, 


1^, 


A', 


B', 


c, 


D', 


A? 


W 


C2 


J)2 


A" 


R" 


C" 


D" 


A'2 


B'2 


C'2 


y 


A' 


B' 


c 


D' 



Q, 



or j^ • A'B'C'D' (-^^' - A'B)(AC' - A'C)(AD' - A'D)(BC' - B'C)(CD' - C'D)(BD' - B'D) 
Hence (AB' - A'B)(AC'- A'C)(AD' - A'D)(Ba - B'C)(CD' - C'D)(BD' - B'D) =0 (2 32) 

is the condition of Q heing inscribed in Q', that is, the product of the six determinants 
of the matrix 

A', B', C, D', 
as is otherwise evident. 

To apply the condition (232), we have 

and let the cyclide through the curve (W W) be 

{a-\-]i^a!y+{b+Kb')^-'+{c+Kd)f+{d-^Kd)l''=zO, 

then we get, after some reduction, the condition of W'i being inscribed in W+^'W 

5e2 



=0. 
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given by the equation 



IhK 



ah 




M'. 



ac 




M 



ad 




w 



he 




w 



v^ 

bd 




^^-3')=0' • (233) 



a sextic in Jc\ Hence the proposition is proved. 

351. Given four cy elides W, W, W^, W'^, required to find the locus of a pair of 
inverse points such that their polar spheres^ with respect to the four cy elides^ may pass 
through the same pair of inverse points. 

The required locus is the Jacobian of the four cyclides 



dW 

d^ ' 

d^ ' 



da 

dW 

da, 

dcx. 



fi^m i^^m 



dy 

dW 

d^ 

dW" 
dy 

dW^^ 



di 



OL 



d^ dy 



dW 

dd ' 

dW 

dd ' 

dW" 

" a 

dW^ 

di ' 



0. . 



(234) 



Cor. The envelope of a sphere whose pole points with respect to four cyclides are homo- 
spheric is the Jacohian of the four cyclides, 

362. The Jacobian is the locus of the nodes of all binodals which can be represented 
by >fcW+^'W+FW^'+^^^'W"^ Thus, there being given six pairs of inverse points, 
the locus of the nodes of all binodes vehich can pass through them is an anallagmatic 
surface of the eighth degree. For if W, W^, W^', W^^' be any cyclides through them, 
every cyclide through them can be represented by ^W+^W^+^^W'^+^^W^', since 
this last form contains three independent constants, which are necessary to complete 
the solution. 

Cor. 1. If in any case hlSf -{-h^W -{-K^W^ -^F^W^^ can represent two spheres, the 
intersection of these spheres is a circle on the Jacobian. 

Cor. 2. If one of the cyclides W be a perfect square U, the Jacobian consists of a 
sphere and an anallagmatic surface of the third order in a, 0, y, S, that is, a surface whose 
deferente is a surface of the third class. 

Cor. 3. If the cyclides have in common four pairs of inverse points which are homo- 
spheric, the sphere through these points is a part of the Jacobian. 

Cor. 4. If the four cyclides have a sphero-quartic curve common to all, the sphere 
through the sphero-quartic counts doubly in the Jacobian, which therefore reduces to 
a cyclide and the square of the sphere. 

Cor. 5. The Jacobian of four Cartesian cyclides is a Cartesian cyclide. 
353. If F, F, F', F^^^ be the focal quadrics of W, W^ W\ W in tangential coordinates, 
the deferente of the Jacobian of W . . . W^^' is the Jacobian in tangential coordinates of 
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F . . . F"', that is, the determinant 



dh' 


dF 


dP 


d'E 


d\ ' 


dfi, 


dv ' 


i 


dW 


dP' 


d¥ 


dW 


d\ ' 


dft, 


dv ' 


d,' 


^F" 


dW 


<?¥'' 


d¥' 


rfx' 


dfx. 


rfv' 


d§ 


d¥" 


JF" 


dW 


dW" 


dK' 


dfj. 


dv' 


do' 



=0. 



(235) 



354. If a cyclide of the systems >iE:W+^W+>^^W^ have double contact with W^'^, 
the points of contact are evidently points on the Jacobian, and therefore lie somevs^here on 
the curve of intersection of W^'' with the Jacobian. Again, if a cyclide of the system 
FW+k^W have double contact with the curve (W^' W^'^), that is to say, if at one of the 
pairs of inverse points where ^W + 'kW^ meets W and W^^^ the generating spheres of 
(kW+k^W^)^ W^^ W"^ intersect in the same circle, the pair of points is evidently a pair 
of points on the Jacobian. It follows then that sixteen surfaces of the system ^W+^W 
can be described to have double contact with the curve (W^^ W'''), since the Jacobian is 
of the fourth degree in (a, |3, y, ^)^ and each of the cy elides W^', W^^^ of the second degree, 
and each system of common values of a, j3, y, ^ gives a pair of inverse points. 

355. Given three cycUdes W, W^, W^^, the locus of a pair of inverse joints whose polar 
spheres with respect to W, W^ W^' have a common circle of intersection is the curve of 
the twelfth degree^ which is common to the system of determinants 

dW dW dW dW 



da. 


d^ ' 


dy 


dS' 


dW 


dW 


dW 


dW 


da. 


rf/3' 


dy ' 


d$ ' 


dW 


dW 


dW" 


dW 


da. 


d^ ' 


dy 


dd 



(236) 



356. To find the condition in the invariants that two cy elides W, W shall be so 
related that four generating spheres <x, j3^ y^ S of W shall have the circles (<xj3), (ay), 
(Sj3), (^y) lying on W. 

The equation of W must be of the form L^y+Pos^^O, and the coefficients cc^ 5, <?, d 
must be wanting in the general equation of W. Hence we have 

^=(Lp+Flf+2L'F(lp—mq'--nr), 



&=2(lp"-'mq—nr){Ijp+Vl). 
Hence the required condition is 



(237) 
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Cor. The condition that W shall have the circles (a3), (ay), (B3), (Sy) lying on its 
surface, while the four pairs of inverse points (a/Sy), (ojjS^), (^^yS), (|3y^) shall lie on the 
surface of W, is the equation, reciprocal of the former, 

4AW#=0^^+8A'^0. . ........ (238) 

357. We have seen if two cyclides W, W be reciprocals with respect to 

that their focal quadrics are reciprocals with respect to the sphere U. Hence it follows 
that if the focal quadric of W be a plane conic, the focal quadric of W will be a cone. 
Hence we have the following theorem : — The reci^TOcal of a Unodal cy elide is a sjpherO" 
quartic^ and vice versa. 

358. If a cy elide W irea/cs up into two spheres^ its reciprocal W breaks wp into two 
spheres. For if W breaks up into two spheres, its focal quadric is a quadric of revolu- 
tion circumscribed to U, and the reciprocal of the focal quadric with respect to U is 
another quadric of revolution circumscribed to U. 

This and the last article belong to the Chapter on reciprocation, but were accidentally 
omitted. 

359. If we form the discriminant of ^W+^'W^+^'W, the coefficients of the 
several powers of k, k\ W will be invariants of the system of cyclides. There are two 
invariants, however, of the system ^W+^W+^'W^' which, as being combinants, 
deserve attention. These invariants we shall call I and J. 

The comhinant I vanishes whenever any four of the eight generating spheres common to 
W, W, W' are connected hy a linear relation^ that is, pass through the same two points. 

It is easy to see that this is equivalent to the statement that I vanishes for the values 
of k^ K, k" which will make kW +k^W +k'^W^' represent two spheres. The equations of 
W, W^, W^^5 as having a common sphere of inversion, may plainly be written in the forms 



.2 



W =aa^ +b(i^ +cy^ +dl^ ■\-ei 
W =a!o? +V(i' +c^f +d'l' +^^s^ 

where oj^+/3^+7^+^^+s^=0 identically; and it is clear that I is the product of the ten 
determinants (a, V, c"), &c. For (a, b\ d^)(^'^{d, V, d^)l^ + {e, b\ d^y is evidently a cyclide 
of the system ^W+^W^+^^'W^^; and this reduces to two spheres if one of the determi- 
nants {a V d^) vanishes. Hence I is the product of the ten determinants. 

Cor. The combinant I vanishes also whenever any four of the eight pairs of inverse 
points common to W, W^, W^^ are homospheric. 

360. The combinant J vanishes ivhenever any two of the eight generating spheres common 
to W, W^, W^ are coincident ; or again^ when any two pairs of the eight pairs of common 
inverse points are coincident^ so that J will be the tact-invariant of the three cyclides. 

If the generating sphere at a pair of inverse points common to the three surfaces pass 
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through a common circle, the consecutive pair of inverse points on this circle will be 
common to all the surfaces ; such a pair of inverse points will be the two conic nodes of 
all binodal cyclides of the system kW -^k'W + k^'W . 

For let the generating spheres at the given pair of inverse points be a, jS, and (acc+JjS), 
and the equations of the cyclides may be written 05S+W2, lSh+W2j and (aco+b(5)h-^wl^ 
where ^2, W2^ wl denote homogeneous functions of the second degree in c^, jS, y ; and it is 
evident that aW-^b'W^—'W" is a binodal cy elide having the given pair of points as conic 
nodes. 

Cor. J will be of the sixteenth degree in the coefficients of W, W^, "W^^ For if in 
J we substitute for each coefficient a of W, a+Mi^ where a^ is the corresponding coeffi- 
cient of a fourth cy elide Wi, it is evident that the degree of the result in k is the same 
as the number of cyclides of the system W+^Wi which can be drawn to have double 
contact with the curve of intersections of the cyclides W and W^^, and the degree is 
therefore sixteen (see art. 354). 



